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Abstract: The present paper deals with the study of rotation effect on the propagation of Stoneley waves at the
interface of two dissimilar orthotropic micropolar solid media in the framework of linear theory including
Coriolis and Centrifugal forces. The basic equations are solved to obtain the general surface wave solutions of
the medium in x-y plane. The medium is rotating about an axis perpendicular to its plane. Following radiation
conditions in the media, the particular solutions are obtained, which satisfied the appropriate boundary
conditions at an interface to obtain the secular equations of the Stoneley wave in media. Limiting case of
Rayleigh wave is also deduced from the present investigation.
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I. INTRODUCTION

Problem of surface waves in an orthotropic elastic medium is very important for the possibility of its
extensive applications in various branches of science and technology, particularly in Optics, Earthquake science,
Acoustics, Geophysics and Plasma Physics. The exact number of the layers beneath the earth’s surface is not
known. One has, therefore, to consider various appropriate models for the purpose of theoretical investigations.
These models not only provide better information about the internal composition of the earth but also helpful in
exploration of valuable materials beneath the earth surface. Mathematical modelling of surface wave
propagation along with the free boundary of an elastic half-space or along the interface between two dissimilar
elastic half-spaces has been subject of continued interest for many years. These waves are well known in the
study of geophysics, ocean acoustics, SAW devices and non-destructive evaluation.

There is a rich literature available in surface waves in terms of classical elasticity [1-7]. To explain the
fundamental departure of microcontinuum theories from the classical continuum theories, a continuum model
with microstructures to describe the microscopic motion or a non local model to describe the long range material
interaction is developed. This theory extends the application of the continuum model to microscopic space and
short-time scales.

Surface wave propagating along the free boundary of an elastic half-space, non-attenuated in their
direction of propagation and damped normal to the boundary are known as Rayleigh waves in the literature,
after their discovery by Rayleigh [5]. Stoneley [7] studied the existence of waves, which are similar to surface
waves and propagating along the plane interface between two distinct elastic solid half-spaces in perfect contact.
Stoneley waves can also propagate on interfaces either two elastic media or a solid medium and a liquid
medium. Stoneley [7] derived the dispersion equation for the propagation of Stoneley waves. Since then a
number of problems concerning the propagation of Stoneley waves along the solid-solid and fluid-soild
boundary have been discussed by several researchers, including Strick and Ginzbarg [10], Lim and Musgrave
[11], Chadwick and Currie [12], Abbudi and Barnett [13], Goda [14], Tajuddin [15] and Abd-Alla [16].

Abd-Alla and Ahmed [17] studied the Stoneley and Rayleigh waves in an inhomogeneous orthotropic
elastic medium under the influence of gravity field. Tomar and Singh [18] discussed the propagation of Stoneley
waves at an interface between two microstretch elastic half-spaces. Markov [19] discussed propagation of
Stoneley wave at the boundary of two fluid-saturated porous media. Singh and Renu [20] studied the surface
wave propagation in an initially stressed transversely isotropic thermoelastic solid. Abd-Alla et al. [21]
investigated the propagation of surface waves in a rotating fibre-reinforced viscoelastic anisotropic media of a
higher order and fraction orders of nth order including time rate of strain with voids. Singh and Sindhu [22]
studied the propagation of Rayleigh wave in micropolar piezoelectric medium. Kumar et al. [23] discussed the
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propagation of Stoneley wave in transversely isotropic thermoelastic media. Recently, Hooda et al. [24] studied
propagation of Stoneley waves in transversely isotropic micropolar elastic solid media.

In the present paper, we solved the governing equations of rotating orthotropic micropolar medium
analytically for surface wave solutions, where the particular solutions in the half-spaces are applied at required
boundary conditions at the interface to obtain the secular equation for Stoneley wave in the present model. The
secular equation for the Rayleigh wave is obtained as a limiting case.

I1. BASIC EQUATIONS
Following lesan [8] and Schoenberg and Censor [9], the equations of motion for a homogeneous
rotating orthotropic micropolar solid in the absence of body forces and body couples consists are

Gji'j=p[ﬁi+{ﬁx(ﬁxﬁ)}i+(2§2xﬁ)i}, 1)
Mii T €k Oij :de;k (i,j,k =1 2:3) 2
The constitutive equations are written as

Gij :Aijklek|+Gijk|\Vk| (3)
mij :leijekI+Bijkl\VkI (4)
The geometrical equations are written as

€ij = U, +8ijk¢k' Vij = (I)j,i (5)

where o, is the stress tensor, p is the mass density, U is the displacement vector, ¢ is the microrotation

vector, j is the micro-inertia, m; is the couple stress tensor, ¢;, is the alternating symbol, e; and v are

kinematic strain measures and A, By, and Gy, are constitutive coefficients. The solid is rotating uniformly

with an angular velocity € = QA, where A is a unit vector representing the direction of the axis of rotation. The
displacement equation of motion in rotating frame has two additional terms: Centripetal acceleration is

Qx(2x0) due to time varying motion only and (2Q2x ) is the coriolis acceleration, where T = (u,v,w)is the

dynamic displacement vector. These terms do not appear in non-rotating media. Superposed dot denotes partial
differentiation with respect to the time t. Subscripts preceded by a comma denote partial differentiation with
respect to the corresponding cartesian coordinate and the repeated index in the subscript implies summation.

11l. FORMULATION OF THE PROBLEM
Let M and M be two dissimilar rotating orthotropic micropolar solid media. They are perfectly
welded in contact as shown in Fig. 1. These two media extend to an infinite great distance from the origin and
are separated by a plane horizontal boundary and M’ is to be taken above M. The origin of the Cartesian
coordinate system (x,y,z) is taken at any point on the plane interface and y-axis pointing vertically downwards
into M is taken which is designated as y > 0.

We consider the possibility of a type of wave travelling in the x-direction in such a manner that the
disturbance is largely confined to the neighbourhood of the boundary which implies that the wave is a surface
wave. The present study is restricted to the plane strain parallel to x-y plane. It is assumed that the entire half-
space is rotating with constant angular rate Q about z-axis. For two-dimensional problem, the displacement

vector U and microrotation vector ¢ in medium M’ and displacement vector U and microrotation vector ¢ in
medium M are taken as

0 =(u,,u;,0), § =(0,0,¢;), i=(u,u,0) and $=(0,0,0,) ©)
Using egs. (1) to (6), the equations of motion for rotating orthotropic micropolar medium M are expressed as
o’u o’u o%u ob o’u ou
Mage Tt Al oo e Ty T e T 0
o%u o%u o%u ob ou ou
A77E22+(A12 + A78)8X6;/ + Azz (3'y22 - Kza—xg=p(at—22—Qzuz +ZQE1J
(@)
0’ 0’y au, ou, 0,
P e B gy ARG K = ©)
where
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Ky =Ag = A, Ky = Ay = A=K, K, (10)
Similarly, we can get equations of motion for medium M’ with all the parameters in medium M’ are denoted by
super script “dash”.

An (Aiz A7s) U A386 U 6¢3 =p (62 Q u, —2Q aaut J

6y ot®
(11)
@ au2 8¢'3_ . azu'z_ . ou,
A77 aXZ (Al A78)axay A22 8X =p 81:2 ZQ ot (12)
L 0%, o 0%y ... .0u . _.ou, .. 0.
566674)23+B44$_X¢3+K15+K26_)(2:p] atdza (13)
where K, = Ay — Ay, K, = Ay = Ay =K, - K, (14)
All’A12’A22’A77’
MediumM :| A ., A, B, B,
K. Ky Qx.p
> X
A117A12’A22’A77’
Medium M :| A_;, Ag, By, By,
Ky Ky %0,
v
Y

Fig. 1 Geometry of the Problem

IV. SOLUTION OF THE PROBLEM
We seek the surface wave solution of the egs. (7) to (9) in x-y plane in the following form

(U U500} = {T (¥), T (y), 6 (y)exp {ig (x—ct)] (15)
where & is the wave number and c is phase velocity of the wave,

Making use of eq. (15) in egs. (7-9) and applying the radiation conditions u, -0, u, >0,¢, >0as y >,
we obtain the following particular solutions for medium M

3

=| DA™ |gty (16)
=1
3 .

— Zé«jAje—m,V el.f(x—ct) (17)
=1

3 -
¢, = [Z’?i Ajemjyjelé(”t) (18)

j=1
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where the expressions for coupling coefficients C;, n; (j=1,2,3) and the relations between m, (j=1,2,3) are
given as follow:

S
m; +m;+mj ==+
So
2,42 242 202 SZ
mim; + m;m; + mim; = =2
0
S
mZmim; ===
S
where

So =A»AEBL,
S = (AzzAasp +AgBuN+A,B,L- B44M2)Z32 _A22K121
2( Q) 2
S, :{AZZLP+A88NP+B44LN—PM2—4(pcz) (—j BM}Q“+(2K1K2M—KfN—K§ASS)§2,
()]

S, :{LNP—4(pCZ)2 Egj P}&G -LKZ e,
®

2
L=(A,-pc’Q"), M=(A,+A,), N=(A,-pc’Q"),P :£866 —pjc? +ij, a-1+2.
The expressions for £;, n; (j=1,2,3) are given as

mj(ij_zchQ]_Kz moL
EL & Ag Ag © K, E.~2 Ag

G =l ” > . (i=123)
K(m M +2pc9]+mjAzz m_ N
Kil & Ag Ag © € Ag ‘taz A,
m W 4(902)2 (QJZ [mf L J[mf N J
n_ ‘:2 AyAg ApuAg \ © ‘:2 Ag ‘:2 A, (._123)
: Kz("umzpm}mm moNY | ;
Agl & Ay Ay o € Ag 222 Ay

and similarly, for medium M’
3 ' .

u = (z Ae™ Je'f(x‘“) (19)
j=1

3 ‘ -
u, = (Zgj Ajem,-y]ehf(xct) (20)

-1

3 ‘ .
bi=( S e @
j=1

The quantities QJ 11, m'j (j=1,2,3) are defined in the same way as their counterparts without superscript dash.

V. BOUNDARY CONDITIONS
The appropriate boundary conditions at an interface y = 0 are continuity of components of
displacement, continuity of component of microrotation, the continuity of normal and tangential force stress
components and continuity of tangential couple stress component i.e.,
Up = Uy, Uy = Uy, Oy =03, Gy =0y Oy = Oppy Myg = My, (22)
where
Gy = A12u1,1 +A22u2,2 G = A12u1,1 +Azzu2,2
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Gy = Av7aulz,1 + Aéaui,z + (Alss ~A )¢3 '
Gy = Az, +Agls +(A88 —Asy )¢3 )
mlzs = B'44(1)'32 v My = B44¢3,2-

Here, the symbols with superscript dash correspond to medium M’
Boundary conditions imply the following equations

3 3
YA =DA (23)
= =l
3 3
25A =2 GA (24)
=l =l
3 3
2 A =2 NA, (25)
= 1
3 3
(iéAlz _ij.&jAZZ)Aj :Z(i§A12+ij.>jA22)Aj (26)
=l 1
3 3
Z{iiC,-Avs - mjAss - ij}Aj = Z{igngm + mjA88 - Klnj}Aj (27)
= =l
3 3
(MMBa)A; =X (-mjn;By, ) A, (28)
= j=1

VI. STONELEY WAVE

Elimination of constants A; and A'j (j =L2,3) from eqs.(23-28) gives the following secular equation for the
surface wave in rotating orthotropic micropolar elastic solid media i.e
det(a;) =0, (i,j=12,...,6) (29)
where
a,=la,=1a;=1la,=-la,=-La,=-1
ay =68, = Cray = C3’a24 = _Qlllazs = _Czlazs = _Cé!
A3 =My 85 =My, 833 = N3y = _nlua35 = _nlz’aae = _nl:;'
4 - (iiAlz_ijjAzz)v (j=l,2,3)
4j = S A [ ' .

_(|‘E.»A12 + mj—3Cj—3A22)1 (J =4, 576)

asj:{{i&_é,-ém—lm,-AB?—lfm,-},l | (.j=1,2,3)

—{iEC A, +m A Ko}, (1=4,56)
_{mmn;Ba, (i=123)

Gj_{m}an}gB@ (j=4,56)

The eq. (29) is the secular equation for Stoneley wave rotating orthotropic micropolar solid media.

VIlI.  RAYLEIGH WAVE AS LIMITING CASE
Rayleigh wave is a special case of the above general surface wave. In this case, we consider a model
where the medium M’ is replaced by vacuum. Since the boundary y =0 is adjacent to vacuum. It is free from
traction. So the boundary conditions in this case may be expressed as
Gy =0, 65 =0, m, =0,

Thus the set of egs. (23-28) reduces to
3

Z(iEJAu ~mGA,)A =0 (30)
) IEC;A —MA, —Km 1A =0 31)
;{ J 8 j’ 88 J} J
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i(mj”jBM)Aj =0 (32)

j=1
Eliminating the constants A, (j :L2,3), we get the wave velocity equation for Rayleigh waves in the rotating
orthotropic micropolar elastic case as follow:

det(b;) =0;  (i,j=12,3) (33)
where

blj :(iEJAlz_mjngZZ)’ (j:1’2’3)

sz :iESCjAm_mjAss_ijv (j=1,2,3)

by=mnB.,  (i=123)

The eq. (33) is the secular equation for Rayleigh waves in rotating orthotropic micropolar solid half-space.

VIIl. CONCLUSION
Assuming the components of the displacement and microrotation vectors in the

form G =(u,,u,,0) and ¢=(0,0,¢,), the governing equations given in lesan [8] and Schoenberg and Censor

[9] are derived as a special case for rotating orthotropic micropolar elastic medium in x-y plane. Stoneley and
Rayleigh type surface waves are studied in this medium. The secular equation of Stoneley and Rayleigh waves
in rotating orthotropic micropolar elastic media is obtained. The theoretical results indicate that the speed of the
surface wave depends on various material parameters. Present analytical solutions can be used to find
numerically the speed of the Stoneley and Rayleigh waves for a particular material modelled as a rotating
orthotropic micropolar elastic material. The results in this paper should prove useful in the field of material
science, designers of new materials as well as for those working on the development of theory of elasticity.

REFERENCES

[1]. Ewing W.M., Jardetzky W.S. and Press F. Elastic waves in layered Media. McGraw-Hill Company Inc.
1957; New York, Toronto, London.

[2]. Brekhoviskikh L.M. Waves in Layered Media. Academic Press, 1960; New York.

[3]. Achenbach J. D. Wave propagation in elastic solids .\ol. 16, North-Holland Publishing Company. 1973;
Amsterdam, Elsevier.

[4]. Bullen K.E. and Bolt B.A. An introduction to the theory of Seismology, Cambridge University Press.
1985; Cambridge, UK.

[5]. Rayleigh J.W.S. On waves propagated along the plane surface of an elastic solid, Proceedings London
Mathematical Society. 1985; 17(1): 4-11.

[6]. Love A.E.H. Some problems of Geodynamics. Cambridge University Press. 1911; Cambridge, UK.

[7]. Stoneley R. Elastic waves at the surface of separation between two solids. Proceedings of the Royal
Society of London Series A. 1924; 106(738): 416-428.

[8]. lesan D. The plane micropolar strain of orthotropic elastic solids. Archives of Mechanics. 1973; 25: 547-
561.

[9]. Schoenberg M. and Censor D. Elastic waves in rotating media. Quart. Appl. Math. 1973; 31: 115-125.

[10]. Strick E. and Ginzbarg A.S. Stoneley wave velocities for a fluid-solid interface. Bulletin of Seismological
Society of America. 1956; 46: 281-292.

[11]. Lim T.C. and Musgrave M.J.P. Stoneley waves in anisotropic media. Nature. 1970; 225: 372.

[12]. Chadwick P. and Currie P.K. Stoneley waves at an interface between elastic crystals. The quarterly
Journal of Mechanics and Applied Mathematics. 1974; 27: 497-503.

[13]. Abbudi M. and Barnett D.M. On the existence of interfacial (Stoneley) waves in bonded piezoelectric
half-spaces. Proceedings of Royal Society of London A. 1990; 429: 587-611.

[14]. Goda M.A. The effect of inhomogeneity and anisotropy on Stoneley waves. Acta Mechanica. 1992; 57:
593-599.

[15]. Tajuddin M. Existence of Stoneley waves at an unbounded interface between two micropolar elastic half-
spaces. Journal of Applied Mechanics. 1995; 62(1): 255-257.

[16]. Abd-Alla A.M. Propagation of Rayleigh waves in an elastic half-space of orthotropic material. Applied
Mathematics and Computations. 1999; 99(1): 61-69.

[17]. Abd-Alla A.M. and Ahmed S.M. Stoneley and Rayleigh waves in a non-homogeneous orthotropic elastic
medium under the influence of gravity. Applied Mathematics and Computation. 2003; 135: 187-200.

[18]. Tomar S.K. and Singh D. Propagation of Stoneley waves at an interface between two microstretch elastic
half-spaces. Journal of Vibration and Control. 2006; 12(9): 995-1009.

International organization of Scientific Research 53 | Page



Mathematical Modelling of Stoneley Wave in Rotating Orthotropic Micropolar Elastic Solid Media

[19].
[20].

[21].

[22].
[23].

[24].

Markov M.G. Low-frequency Stoneley wave propagation at the interface of two porous half-spaces.
Geophys. J. Int. 2009; 177: 603-608.

Singh B. and Renu. Surface wave propagation in an initially stressed transversely isotropic thermoelastic
solid. Adv. Studies Theor. Physics. 2012; 6(2): 263-271.

Abd-Alla A.M., Khan A. and Abo-Dahab S.M. Rotational effect on Rayleigh, Love and Stoneley waves
in fibre-reinforced anisotropic general viscoelastic media of higher and fraction orders with voids. Journal
of Mechanical Science and Technology. 2015; 29(10): 4289-4297.

Singh B. and Sindhu R. On propagation of Rayleigh type surface wave in a micropolar piezoelectric
medium. Open Journal of Acoustics. 2016; 6: 35-44.

Kumar R., Sharma N., Lata P. and Abo-Dahab S.M. Mathematical modelling of Stoneley wave in a
transversely isotropic thermoelastic media. Applications and Applied Mathematics. 2017; 12(1): 319-336.
Hooda R., Sangwan A. and Gulia S. Propagation of Stoneley waves at an interface between two
transversely isotropic micropolar elastic solid media. IOSR Journal of Engineering. 2018; 8(8): 48-54.

Rahul Hooda. “Mathematical Modelling of Stoneley Wave in Rotating Orthotropic Micropolar
Elastic Solid Media.” IOSR Journal of Engineering (IOSRJEN), vol. 09, no. 01, 2019, pp. 48-
54.



