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Abstract: In the present paper , the author will establish a double integral transform of Aleph X -function
which leads to yet another interesting process of augmenting the parameters in the X -function. The result is of
general character and on specializing the parameters suitably yields several interesting results as particular
cases.
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. INTRODUCTION
Rainville [6, p.104], Abdul Halim and Al-Salam [1] have shown that the single and double Euler

transformations of the hypergeometric function F are effective tools for augmenting its parameters.

Srivastava and Singhal [9] and Srivastava and Joshi [10] have discussed some similar interesting properties of
F in double H -function and double Whittaker transforms respectively.

In what follows for the sake of brevity, we have used the symbols (a,, ), A(r,a), A(r,£a), A((r,a,)) to

a a+l a+r-1
denote the set of parameters (a,,),...(a,,2,);— feees ;A(r,a), A(r,—a) and
r r

r
A(r,a,),A(r,a,),..., A(r, &) respectively.
The N - function introduced by Suland et.al. [11] defined and represented in the following form:

{ |(aj1aj)1,n’[ri(aji7aji)]n+l,p,:|

N[ ] mn [] K

By Gz T By Giizyr (05, B [7: (0512 Bl
1
=——|6(s)z°ds
27za)J; (1.1)
Where @ =V —1;
Hr(b ﬁS)Hr(l a; +a;s)
0(s) = = -
ZT {H - b +ﬂJIS)H F(a“ e S}

We shall use the following notation:

A* ( ) [T( ]I’ )]n+l,p’ (bj’ﬂ) [ ( jl’ﬁji )]m+l,qi
c :(aj’aj )1,f 7 (aji'aji )]f+1,ui D’ :(bj B )1,9 [ (bji’ﬂji )]g+l,vi
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I1.  MAINRESULT
In this section, we have established the following double integral transform of X -function:
If S,k and r are positive integers, then

”x“‘lyﬂ‘l(x+ VIR [ﬂ(x+ y) C*JN;‘,‘Z . [ XY (X +Y)" Qi}dxdy =
00
ER
(1—D)(f+g—7u—£vj+% Zd ZC J{ **)(U -v) s 2k
(27) D:
a+p-=
ﬁfﬁﬁﬂr (S + k) 2
D(v—

fQm+Dg 1 toDP Y A((D1-A-D; ). A(s.1-a), A(k 1-B), A% A(D 1~ A-d ;)....A(D 1-A—d, ) 21

p; +p+Dv;,q; +p+Du;z;:r AD A((D1-A-Cy)).B*A(k+s 1-a-f),A(D 1-A-Cy,),....A(D,1-A-c,) ! ( ' )

Skk

Where }/=m,p=8+k,D:S+k+l’,A=a+ﬂ+O',

0<Dg<Du<Dv<Du+qg-pu+v-2g<2f <2v,0<n<p,p+q—-2n<2m<2q,

d. b; - -
Re| minz, —*+ Dminz, -~ |> Re(-A) > Re D(S—a,k—ﬂ,al}tct—D—l
5ji lle S k

1=12,..,f;j=12,.mlI=12.nt=12,..49;u Re(minC, + A)—v,

d, o ke
ReLmax5—‘+Aj—uD+v+%D(Dv—Du +1)> D(Dv—Du),Remax(S—a,kTﬂ,al J

i

i=12,...,u;j=12,..,v;l =1 2,...,u;|argﬁ|§[f +9 —%U—%Vjﬂ',

b b;
|argt|<(m+n—%pi—%qi}r,Re(a+sTﬁ—J>O Re(ﬂ+kr ]>0 j=12,.

ji ji
And the double integral converges.

Proof: To prove (2.1), we start with the following known result [2, p. 177]
[ Jx+ yyxty tdxdy = B(a, B) [ g(2) 2" oz 22
00 0

Which is valid for Re(«r) >0and Re(5) >0.
It is easy to prove by following the technique of reversing the order of integrations, that

1 1
T a-1 m,n s r| Ax Sa_Ek 2
[ [0 yxety?ANpn [0y  (c+y)'[ o [y = e
X (s+k) "2
[$@7 NG [ 1020 [BEG2AER Ja @3
0

Where S,K and r are positive integers,

s,k
:—(SiE)M ,o=S+k,D=s+k+r, p+q<2(m+n),|argt|<(m+n—%pi_%qijﬂ,

b; b;

Re| a+st,— |>0,Re| f+kr,—~ |>0,j=12,..
ﬂji ﬁ

In (2.3), taking

ji
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U Vg

#(2) = 2N/ ¢ [iz

c*
D*

And evaluating the integral on the right hand side using [8, p.401] the result (2.1) follows.

I11.  PARTICULAR CASES
On choosing the parameters suitably in (2.1), several known and unknown results are obtained as particular
cases. However, we mention some of the interesting results here.

(@) Taking

1 1 .
f=v,=29 =O,u=1,cl=5,d1=v,d2 =—V,0‘=,u+§,aj =p;=96;=y;=L7;=Lr=1in(21)
and using [3, p.216, (5)]

Hf;’[x (

1 j -

=1 11 1

2 J—

(bvl),(b,l)]” 2e 2 K, (_Exj’
We obtain

© 1 1
“‘ XA (x+y) 28 2 Y K, {_%ﬂ(x + y)} How [txsyk (x+y)
0

0

- dedy =

R
—E(Z—D)[f+g—lu 2

L) s 2
(2r) 2 22 2DA—lﬁ -
A7 (s k)2

D
H m,n+p+2D |:t5D (3.1)

p+p+2D,q+p+D ﬂ,D

Where o,Dand A have the same value as (2.1) and

A((D1-AFV)), A5 1-a), Ak 1- B), A*
B*,A((D,%—A)),A(kJrs,l—a—/)’) '

b. b.
A:,u+a+ﬁ+%; p+q<2(m+n),Re(a+sE‘iv) >0,Re(ﬁ+s;’iv) >0,
j i

b.
Re£a+ﬁ+,uiv+ DFJ+%J>O’ j=12,...,m; Re(i)>0,|argt|<(m+n—% p—%q}r.

j
(b) Further, replacing (,fand (ap,ap)by g+1,—tand (1—ap,ap)respectively and then putting

m=1n=p,b =0,b,,=1-b;(j=12,..q), using the result [3,p. 215, (1)] and [3,p. 4, (11)], we obtain
an interesting result obtained by Srivastava and Singhal [9]:

o0

[yatypt wg o AO) 1 (@) £y 5,k r
”x y 7 (x+y) ?a K, —Eﬂ(x+y) qu[ ’ﬁq):tx Yy (X+Y) }dxdy:
0

0 o

\/;F(a+,3+,uiv+;j

oz+ﬂ+;z+l

A T(a+f+u+l)

S+ k ir S+K+r
p+3s+3k+2r Fq+25+2k+r t5( j

B(a, f)

(bq ,1),A(s+k,a+ﬁ),A(k+s,a+ﬁ+,u+l)

A

A(s+k+r,a+ﬂ+yiv+£,),A(s,a),A(k,ﬁ),(ap ,1)
b . (3:2)

provided Re(u+a+ f+v+ %) >0,Re(a) > 0,Re(p) > 0.

(c) Setting v="f =2,g=0,u=1c, =1-y,d, :%+v,d2 :%—V,z'i =1,r=1in (2.1) and using the
known formula [3,p.216,(6)]
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HS) {x

We have

o0 00 l
.” X“ P (x4 y)ae’il(x”)wﬂ’v[g(x +y)H [tXSyk (x+y)'
00

(1-k 1) } _ e_%XWk . (x)

1 1
(E+m,1),(§—m,1)

o }dxdy =

SR
2(2-D) _p+A-Z s 2k 2

(27)2 D"

1
ﬂa+,8+0' (S + k)‘H/)LE

H m,n+p+2D |:t5DD

p+p+2D,q+p+D 7 (3.3)

B*A(k+s,1-a—f),A(D, u-A)

A(DéA+v),A(s,la),A(k,1ﬂ),A*i|

Where
D, p,6and Aare givenin (2.1);

p+q< 2(m+n),|argt|<(m+n—% p—%q)yz, Re(4) > 0,Re(a +sb; >0,

Re(k +sb;) >0, Re(m+n+a+ Db, iv+%j>o, j=12,...,m.

(d) Further, replacing q,tand (ap,ap)by g+1,—tand (1—ap,ap)respectively and then putting

m=1n=p,b =0,b;,=1-b;(j=12,...,q) and using the result [p.215,(1)], (3.3) reduces to a result due
to Srivastava and Joshi [10,p.19,(2.3)]

o0

© . - 711(x+ ) ap.& s r
J«J~X 1y/g l(X+ y)7e 2 yW,u,v {ﬂ,(X+ y)} b Fq [qup’ﬁ:)):tx yk (x+vy) :|dXdy =
0

0
F(a+ﬂ+o-iv+;)
AT (a+ f+o— pu+l)

B(a, p)

L 155 A(s+k+r,a+ﬁ‘+o~iv+%,),A(s,a),A(k,ﬁ),(ap,l)
p+3s+3k+2r © q+25+2k+r (bq,1),A(s+k,a+ﬂ),A(k+s+r,a+,6’+a—/4+l)
(3.4)
Where
k
S o (s+k+r )™
(s+k)**’ 2

Re(a) >0,Re(f) > 0,Re(1) >0,Re (a +fB+o0tV+ %j >0 and the resulting hypergeometric series

converges.
1 1
With £ =0,v= iz and o = _E ,(3.4) reduces to the earlier results of Jain [5] and Singh [7].

(e) Choosing
f=g=u =1,v=2,c1=1—k,d1=%+M,d2 =%—M,aj —B,=6,=y,=Lz,=Lr=1in (@Y

and using the known result
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F[1+ K+ m) 1
(1K) } = —2 e_Eka (X),

H5| X
1’2{ GHmD.G-m1) r(2m+1)

We obtain

TT X yA 1 (x+ y)"e_%i
00

(X+) m,n S r
"M, LA+ y)HRR [ ey (x+)

QIdedy =

1

1
(Zﬂ)%(Z_D)DkJrA_% r(2m+1) s 22

1
F(k +m+ ;j A% (s 1 k)" 2

p+p+2D,q+p+D ﬂ«D A(k+s,1-a-p),A(D k-A)

H m+D,n+p+D |:t5DD

A(D,%—A—m),A(s,l—a),A(k,l—ﬂ),A(D%—A+m) }
(3.5)

Where

D, p,dand Aare givenin (2.1);

p+q<2(m+n),|argt|<(m+n—% p—%q)n, Re(4) > 0,Re(a +sb;) >0,

Re(B+kb;) >0, Re(a+ﬂ+a+ Db, +m+%)>0, j=12,...,m.

(f) Substituting f =1,g=u=0,v=2,d, = %v, d, = —%v, 7, =1,r =1and using the result [3,p.216,(3)]

Hé"{x ‘

zraln)

(2.1) reduces to

TT x“ Ly 2 (x+y)7 3, 2 JA(x+ y)H i [txsyk
00

F%@&y

QI] dxdy
=27 T

ﬂoﬁﬁﬁr (S + k)a+ﬂ_§
m,n+p+D D ?
H p+p+p2D,q+p [té‘(z

Where 6, D, pand A have the same values given in (2.1);

A(D,I—A—%V],A(s,l—a),A(k,1—ﬂ),A*,A[D,1—A+%v] :l

B*A(k+s 1-a—f) (3.6)

p+q<2(m+n),|argt|<(m+n—% p—%q)ﬂ, Re(4) > 0,Re(a +sb;) >0,
Re(s +kb;) >0, Re(a+ﬁ+o-+%v+ Dbjj>0, j=12,..,m;

Re(a+pB+0c-D+ Dai),%,i =12,....n.

In view of the numerous properties of Aleph () -function, on specializing the parameters suitably, a large
number of interesting results may be obtained as particular case.
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