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l. INTRODUCTION
In the present years, the study of difference equations and their applications are found to be more
useful in the field of numerical and Engineering as well as social sciences. Agrawal [1], Kelley and Peterson [6],
P. Eole (5) had developed theory of difference equation and their inequalities. Some comparison theorems on
difference equation and summation equation are obtained by K.L. Bondar etal. [2-4]

Let X be a Banach space with norm |L.|| defined by || X ||,=sup{| X|: x e B},t € | in the closed internal I=

[0,b]. Let B=C(J; X) be Banach space of all continuous functions defined form I into X.
Consider the second order nonlinear summation-difference equation with nonlocal conditions:

A[ Ax(t-1)+g(t,x(t)) ] = Ax(t) + f (t, x(t),tzl:k(t,s,x(s)j, where t e | (1.1)
X(0) = X, +4(x) o
AX(0) =y, + p(X), (13)

where A is an infinitesimal small generator of a strongly continuous cosine family { C(t):t € K } in Banach
space X, f:iIxXxX —>X, kilxIxX—>X, g:IxX—>X, q, p:B—> X continuous

functions, and X,, Y, are elements in X

1. PRELIMINARIES AND HYPOTHESES.

In many cases it is advantageous to treat second ordered difference equations directly rather than to
convert first order systems. We can study second order equations is the theory of the strongly continuous cosine
family.

A one parameter family {C(t) : t € R } of bounded linear operators mapping the Banach space X into
itself is called a cosine family if and only if.

(@ C(0)= I where | is identity operator,

(b) C(t) x is strongly continuous in t on [R for each fixed x € X;
() C(t+s)+C(t—s)=2C(t)C(s) foralit,s € ®

If {C(t) : t e R} is strongly continuous cosine family in X, then {S(t) :t € ]E}, associated to the given strongly
continuous cosine family, is defined by.

t-1
S(t)x=>C(s)X, xeX,teRr (2.1)
s=0

We define closed operator G : D(G) < X — X It is denoted by [D(G)], the space [D(G)] endowed

with the graph norm ||.||; The infinitesimal small generator A: X — X of a cosine family {C(t): t € R} is
defined by
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Ax=A*C(t)X|_, . xe D(A),
where D(A) = {Xe X :C(.)xeC?(R, X)}. Moreover, M >1 and N are positive constants such that
IC(t)|I<M and || S(t)||£ N forevery t € 1.

If x (.) is a solution of (1.1)-(1.3), g is D(A)-valued and Ag € B then
X(t) =CO)[%, +a(x)]+ SOV, + P(X) +9(0, %, +a(x))]

3 4. X(5) -3 AS(t-9)3 0(r.x(0))

t-1 t-1
+>_S(t—5) f(s,x(s), > K(s,7,%(7)), t €]l. (2.2)
s=0 =0
t-1
The expression (2.2) and the relation A ZS(G)X =C(t)x—C(S)X, are the motivation of the following
O=s
definition.

Definition 2.1 A function x € B is a mild solution of the abstract nonlocal Cauchy problem, (1.1)-(1.3) if
condition (1.2) is verified and satisfy

X(t) =C)[%, +aq()]+SE)LY, + P(X) +9(0, %, +q(x))]
—;C(t—s)g(s, x(s))+z;;S(t—s)

x f ( f(s, x(s),sik(s, T, x(r)),j tel (2.3)

We list the following hypotheses for our convenience.
(Hy) X is a Banach space with norm ||.| and X,, Y, € X

(H)teland B, ={z:|| z|<r}c X
(H3)f: I x X x X — X satisfies the following conditions:

(a) The function f(t,.,.): X x X — X is continuous a.e. t € I.
(b) The function f(.,X,y): 1 — X iss measurable for each (X, y) € X x X,
(© There exists a positive constant L; such that

If %, y) = FG Y ) <Ll =X 1+ Y, = Y, ), fore e, X,y € X.
(H4) the function g : 1 x X — X satisfies the following conditions:

(d) The function g(t,.): X — X iscontinuous a.e. t € I.
(e) The function g(,.X): X — X is measurable for each X € X.
U There exists a positive constant L4 such that
19t x) =gt ) I <Ly llx =% ), fore €1, X € X.
(9) There exist positive constants and such that

g, x)|I<c || x]|+c, fort €1, X, Y, € X.
(Hs) k:IxIxX — Xis continuous in t, s on | and there exists a positive constant K such that
Ikt s, x)—Kk(t, s, %) || <K|[x—=x%],for0<x<tel,x €X.
(He) q, p: B — X are continuous and there exist constants Lq, Lp > 0 such that

1a(x) —a(x,) lI< Lq 1% =X, [l, and [| p(X) — P(X,) I Lp [ % =X, lly, for x,,%, € C(I,B,).

(H7) A is the infinitesimal generator of strongly continuous cosine family{C(t ): t € R }and S(t) the sine
function associated with C(t) which is defined in (2.1).

(He) L =max,, || f(t,0,0)[, K,=max_, [[k(t,s,0)[.Q= maX,.c( g,) lla (x) [}
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P= maX,c 8, ” p(X) ” :
(Hg) The constants HXOH’ HyOH,CLCZ,r,b, Lf,Lg,K, Lq,L

inequalities:
M 1+QI+ NIy, [[+P +c,(1 % | +Q) + ¢, ]+ M (cr +¢,)b

+N (L rb+L,Krb® + L Kb +Lb)<r,

M, N, L,K,,Q, and P satisfy the following

p H

and
[M(Ly+Lyb)+ N (L, + Lyl +Lb+L,Kb?) [ <1.
Now, we establish our result of existence.
1. EXISTENCE OF MILD SOLUTION

Theorem 3.1 Suppose that the hypotheses [H;] — [Ho] hold, then the problem (1.1)-(1.3) has a unique mild
solution on interval |

Proof: Let Z= C(1, B,) and define an operator F : Z —Z by
(F2)(t) =C )% +a(2)]+ SOy, + P(2) +9(0, %, +a(2))]

t-1 t-1 t-1

—> C(t-s)g(s,z(s)) +>_ S(t—s)x f (f(s,z(s),zk(s,r, z(r»,J(zA)

s=0 s=0 7=0
teld.

We firstly show that F maps Z into itself. By applying the operator F in (2.4) and above mention hypotheses

then

1(F2)(®) K1 CO[% +a(2) |+ SOy + p(2) +9(0, % + ()]
2 ICE-9)g6 2 1+ 2ISE-9)f [s,z(s),z k(s,r,z(r»ju

< M|%,[+Q1+ N[y, [+ Pllg(0). %, +a@)[1+M Xl (s, z(s)
+Nt§:[|l £(5.2(5), S k(s 2(e))) — £(5,0,0) + £(5.0,0) ||}

<MII% 1+Q]+ Nl yo Il +P +c. (I %, ||+||Q”)+C2]+M2(C1r+cz)

+Ntz_1:{Lf (r+sz_1:|| kr +k,b) + Llﬂ

<MII% 1+Q+ NIl Yo I+P+c,(ll % [[+Q)+¢, ]+ M (Gr+¢,)b
+N| Lrb+LKrb?+L Kb>+Lb]

<r 3.1)

for zeZ and tel Hence F (Z) c Z . Therefore, the equation (3.1) shows that the operator F maps Z

into itself.
Now, we shall show that F is a contraction on Z. For every Z,,Z, € Z and t € | , we obtain.

1 (Fz)(®) = (Fz,)®) | l[C®)[lllalz) —a(z) |l
+ISO NIl p(z) = p(z) I1+119(0, % +a(2))— 9 (0.%, +a(z,)) ]

S ICE-9)[g(5,2(5) - 965,z GN]
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Y S(t—s)[f [s, 2.(5), 3 ks, zl(r))— F(5,2,(8)), S k(s 7, Zz(r))} [
+Ly+l1a(z) -a(z) [, b+ MLy [[2, -7, [|, b

t-1
+N2Lf [” Z,—-1, ”b +K ” Z,—1, ”b]
s=0
<[M (L +Lb)+ N(L, + L, +Lib+L Kb*) |12~ 7, || b
1fwe consider 1= M (L, + Lyb)+ N (L, +L,L, +Lb+LKb?) |, then

I Fz,—Fz, [l,<1z, -z, |l
with 0 < | <1. Thus F is a contraction on the complete metric space Z, therefore by the Banach fixed point

theorem the function F has a unique fixed point in the space Z and this point is the mild solution of problem
(2.1)-(1.3) on J.
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