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I. INTRODUCTION 
 In the present years, the study of difference equations and their applications are found to be more 

useful in the field of numerical and Engineering as well as social sciences. Agrawal [1], Kelley and Peterson [6], 

P. Eole (5) had developed theory of difference equation and their inequalities. Some comparison theorems on 

difference equation and summation equation are obtained by K.L. Bondar etal. [2-4] 

Let X be a Banach space with norm ||.|| defined by || || sup{| |: },bx x x B t I  
 
in the closed internal I= 

[0,b]. Let B=C(J; X) be Banach space of all continuous functions defined form I into X. 

Consider the second order nonlinear summation-difference equation with nonlocal conditions: 
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             0(0) ( ),x x q x      (1.2) 

0(0) ( ),x y p x       (1.3) 

where A is an infinitesimal small generator of a strongly continuous cosine family { ( ) :C t t  } in Banach 

space ,X  : ,f I X X X    : ,k I I X X  
 

: ,g I X X   ,q  :p B X
 

continuous 

functions, and 0 0,x y  are elements in X 

 

II. PRELIMINARIES AND HYPOTHESES. 
 In many cases it is advantageous to treat second ordered difference equations directly rather than to 

convert first order systems. We can study second order equations is the theory of the strongly continuous cosine 

family.  

 A one parameter family {C(t) : t ∈ ℝ } of bounded linear operators mapping the Banach space X into 

itself is called a cosine family if and only if. 

(a) C(0)= I where I is identity operator, 

(b) C(t) x is  strongly continuous in t on  for each fixed 𝑥 𝜖 𝑋;  

(c)        2C t s C t s C t C s   
 
for all t, 𝑠 ∈ ℝ. 

If {C(t) : t 𝜖 ℝ } is strongly continuous cosine family in X, then {S(t) :t  }, associated to the given  strongly 

continuous cosine family, is defined by. 
1
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,x X  𝑡 ∈ ℝ    (2.1) 

We define closed operator : ( )G D G X X    It is denoted by [ ( )]D G , the space [ ( )]D G   endowed 

with the graph norm .|| . ||G  The infinitesimal small generator :A X X   of a cosine family {C(t): 𝑡 ∈ ℝ} is 

defined by  
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0( ) |tAx C t x  
 , 

( ),x D A  

where D(A) = {
2: (.)x X C x C  ( ℝ, X)}. Moreover, 1M   and N are positive constants such that 

 || ||C t M and  || ||S t N for every 𝑡 ∈ I. 

If x (.) is a solution of (1.1)-(1.3), g is D(A)-valued and Ag ∈ B then 

  0 0 0( )[ ( )] ( )[ ( ) (0, ( ))]x C t x q x S t y p x g x qt x     
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𝑡 ∈ I.   (2.2) 

The expression (2.2) and the relation A 

1
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  are the motivation of the following 

definition.  

Definition 2.1 A function x  B is a mild solution of the abstract nonlocal Cauchy problem, (1.1)-(1.3) if 

condition (1.2) is verified and satisfy 
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𝑡 ∈ I.   (2.3) 

We list the following hypotheses for our convenience. 

(H1) X is a Banach space with norm ||.|| and 0 0,x y X  

(H2) 𝑡 ∈ I and { :|| || }rB z z r X   . 

(H3) f : I X X X    satisfies the following conditions: 

(a) The function ( ,.,.) :f t X X X  is continuous a.e. 𝑡 ∈ I.  

(b)  The function (., , ) :f x y I X is s measurable for each ( , ) ,x y X X   

(c) There exists a positive constant  Lf such that 

 1 1 2 2|| ( , , ) ( , , ) ||f t x y f t x y 1 2 1 2(|| || || ||),fL x x y y     for 𝑡 ∈ I, , .i ix y X  

(H4) the function :g I X X  satisfies the following conditions: 

(d) The function ( ,.) :g t X X  is continuous a.e. 𝑡 ∈ I. 

(e) The function (,. ) :g x X X  is  measurable for each .x X  

(f) There exists a positive constant Lg such that 

        1 2|| ( ( , ) ( , ) ||g t x g t x 1 2|| ||),gL x x   for 𝑡 ∈ I, .ix X  

(g) There exist positive constants and such that 

        1 2|| ( , ) || || ||g t x c x c 
 
for 𝑡 ∈ I, , .i ix y X

 
(H5) :k I I X X   is continuous in t, s on I and there exists a positive constant K such that 

1 2|| ( , , ) ( , , ) ||k t s x k t s x   1 2|| ||K x x  , for 0 , .ix t I x X     

(H6) , :q p B X are continuous and there exist constants , 0q pL L  such that 

1 2 1 2|| ( ) ( ) || || ||q bq x q x L x x    and 1 2 1 2|| ( ) ( ) || || || ,p bp x p x L x x    for 1 2, ( , ).rx x C I B  

(H7) A is the infinitesimal generator of strongly continuous cosine family{C(t ): t ∈ ℝ }and S(t) the sine 

function associated with C(t) which is defined in (2.1). 

(H8) 1 1 ( , )max || ( ,0,0) ||,     max || ( , ,0) ||, max || ( ) ||,
rt J t J x C J BL f t K k t s Q q x      
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( , )max || ( ) || .
rx C J BP p x  

(H9) The constants 
0 0 1, 2 1 1,  , , , , , , ,  , ,  , , , , ,f g q px y c c r b L L K L L M N L K Q  and P satisfy the following 

inequalities:  

0 0 1 0 2 1 2[|| || ] [|| || (|| || ) ] ( )x Q N y P c x Q c M c r c bM                           

                                                   2 2

1 1 ,f f frb Kr K b rN L L b L L b     

and 

   2 1.q g p g q f fM L L b N L L L L b L Kb    
 

   

Now, we establish our result of existence. 

 

III. EXISTENCE OF MILD SOLUTION 
Theorem 3.1 Suppose that the hypotheses [H1] – [H9] hold, then the problem (1.1)-(1.3) has a unique mild 

solution on interval I 

Proof: Let Z= C(I, Br) and define an operator  :   F Z Z by 

0 0 0( )( ) ( )[ ( )] ( )[ ( ) (0, ( ))]Fz t C t x q z S t y p z g x q z     
 

 

 
𝑡 ∈ J.  

We firstly show that F maps Z into itself. By applying the operator F in (2.4) and above mention hypotheses 

then  
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for z Z  and t I .  Hence    F Z Z . Therefore, the equation (3.1) shows that the operator F maps Z 

into itself.  

 Now, we shall show that F is a contraction on Z. For every

 

1 2,z z Z  and t I  , we obtain. 
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If we consider l =    2

q g p g q f fM L L b N L L L L b L Kb     
 

, then 

1 2 1 2| || || || |b bFz Fz l z z      

with 0 < l <1. Thus F is a contraction on the complete metric space Z, therefore by the Banach fixed point 

theorem the function F has a unique fixed point in the space Z and this point is the mild solution of problem 

(1.1)-(1.3) on J. 
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