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Abstract: Starting from a real-valued Markov chain Xq. X4, .., X, with stationary transition probabilities, a
random element {¥(t);t € [0,1]} of the function space D[0,1] is constructed by Ietting
Y(k/n) =X,k =0,1,..,n and assuming ¥(t) constant in between. Simple tightness criteria for

sequences {¥(t); t € [0,1]},, of such random elements in D[0,1] are then given in terms of the one-step
transition probabilities of the underlying Markov chains. Applications are made to Galton-Watson branching
processes.
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I. INTRODUCTION AND SUMMARY
Let {XHJQ,XM,XHJ:, s X }n be a sequence of real-valued Markov chains with stationary

transition probabilities p':”} (rx,':J; that is, for every Borel set E, the relation
P[Xn,k+1 € Jl-:‘r| Ko Xz "'an,k] =p™ [Xn,k’E) (1.1)

is satisfied with probability 1. With each of these Markov chains we associate a continuous-time
process ¥, () defined by
v.(t) = {J;mk for kf;’tﬂf t < (k -I-tli;';l, (12)

m.mn "

Then {¥,,(t); t € [0,1]] can be considered as a random element of the space D[0,1] consisting of
all functions on [0,1] with no discontinuities of the second kind. With the Skorokhod topology
(see [1,p. 111]), this space becomes a complete separable metric space. In this paper we will study -
convergence of the sequence{Yn (t);t e [0,1] }n; that is, weak convergence of the corresponding sequence of
probability measures on D [0,1].

Assume that {¥, (t); t € [0,1]}, is D-convergent with limit {¥(t); ¢t € [0,1]} and let h be a
functional on D[0,1] which is continuous with respect to the Skorokhod topology. Then we have
(see [1,p. 30])

h(Y,) > h(Y) as n— oo. (13)

This shows that T2-convergence can be a useful tool when we want to study properties of the processes
{¥(t);t € [0,1]} and {¥(t);t € [0,1]] that cannot be expressed in terms of their finite-dimensional
distributions. If the distribution of (¥} is known, (1.3) given and approximate distribution of h(¥,,) for
large 1 € N. On the other hand, if the distribution of HA(¥") is unknown, we can sometimes choose the
approximating processes {¥(t);t € [0,1]} so simple that (1.3} yields some information about the
distribution of A(¥"). The last method is particularly important when simulation techniques are employed.

By a famous theorem due to Prokhorov (see [1,p. 37]), a sequence {¥, },, of random elements in
D[0,1] is conditionally compact if and only if it is tight. This suggests a useful method to establish -
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convergence. First we show that the finite-dimensional distributions converge and then we prove that {¥, }. is

tight (see [1,p. 124]). From classical probability theory we have a rich supply of tools for determining
convergence of finite-dimensional distributions. Therefore, we will in this paper confine our interest to tightness
criteria.

D-convergence in connection with Markov processes, in particular diffusion processes, has been
treated by Skorokhod, Gikhman, Borovkov and others. Since the infinitesimal approach to a diffusion process is
the most convenient one, their conditions for T’-convergence usually have been based on the asymptotic
behavior of the two first moments of the increments within a short time-interval. Here we will mainly emphasize

“continuity properties” of the transition probabilities p"”} (@.") considered as functions of a. It has also been

our aim to give our tightness criteria a simple form. Therefore, they have, to the greatest possible extent, been
based on properties of the one-dimensional projections of our processes and the one-step transition probabilities
of our Markov chains.

The plan for this paper is as follows. In Section 2 we start by showing how the general tightness
conditions in [1] can be simplified, when the processes {¥, (t); t € [0,1]} are constructed from Markov
chains as in (1.2). At the end of the same section we make our first attempt to relate the tightness of the
sequence {¥,}. to the properties of the projections ¥, (t). The main results here are generalizations of
corresponding results in [14].

Even if the {¥,(t); t € [0,1]] are constructed from Markov chains, all limit processes need not be
Markov processes. In Section 3 we will give sufficient conditions for this to occur. These conditions will take a
particularly simple form if the {¥, (t);t € [0,1]} are constructed from stochastically monotone Markov
chains; that is, Markov chains such that the transition probabilities z(a, {x; x = y}) are non-increasing in a
for each fixed y.

In Section 4 we will continue to study the relations between the properties of the projections ¥, (t)
and the tightness of the sequence {¥,,},. All Markov chains considered in that section are stochastically
monotone. Section 5 is devoted to an application of the theory in earlier sections. We will study

D-convergence of a sequence of normalized critical Galton-Watson processes. In fact, we will be able

to show that T)-convergence in this case is equivalent to convergence of the finite-dimensional distributions,
provided we make an exception for degenerate limits.

I1. CONDITIONAL COMPACTNESS OF A SEQUENCE OF MARKOV CHAINS
From now on, {Xmu., Kot Xpgr er X }n will always denote a sequence of Markov chains with stationary

transition probabilities. If nothing else is stated, we will assume that F[Xn,u = IZI] = 1. The one-step

th

transition probabilities of the 7°® Markov chain are denoted by p"™ (a,”). Transition probabilities

corresponding to several steps are denoted by q‘;”} (@), where n A is the number of steps and A is assumed
to be chosen from the set
fi/m:j =0,1,2, ..,n}. Thus, for every Borel set E, the relation
_ (n)

P[Xn,k+n-_'- € E|Xn,k] = G, [:Xn,k’ Ej
is fulfilled with probability 1.
The continuous-time process {¥;,(t); t € [0,1]] defined by (1.2) will be called the process or the “random
Markov line” associated with {X,, o, X1, e, Xy} When {¥, (£); t € [0,1]}, considered as a random
element of D [0, 1], converges weakly to the random element {¥, (t); t € [0,1]] of D [0, 1], we will write

o
¥, =Y as 1 —> 00 (2.2)
All our theorems will be stated for Markov chains with the real line as common state space. But there should be
no difficulty to give corresponding results when the state space is the half-time [0, ©2) or a compact interval.

We are now ready to give the fundamental theorem on conditional compactness of a sequence of random
Markov lines.
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Theorem 2.1. Let {Xmg., Ko Xpze 1 Xy }n be a sequence of Markov chains with transition probabilities
qinj (o, E) satisfying (2.1), and let {¥, (t); t € [0,1]},, be the associated sequence of continuous-time

processes.
Assume that

()P[supy.,eq|¥y, (£)] = 4] — 0 as A — oo, uniformly inn € N;

(ii)for every compact set € and every £ = 0 there exists § = §(C, ) = 0
Such that

qin} (a,(a—€, at+€)°) <€

forallm E N,a € Cand A= &.

Then the sequence {¥, (t); t € [0,1]},, of random elements in D [0, 1] is tight.

Proof: We shall show that the conditions for tightness given in [1, Theorem 15.2] are satisfied. But this can
be done by an almost verbatim repetition of the arguments in [14,p. 182 ]. Further details are therefore
omitted.Let p':”:' (@, @ + dx) denote the probability measure which to each Borel set E assigns the number
p':”} (a,E.), where E, = {a + x;x € E}. Intuitively, p':”} (o, @ + dx) corresponds to the conditional
distribution of X, . — X, . _; , given X, . _; = a. Although the transition probabilities qin} (@, E) always
can be expressed directly in terms of the one-step transition probabilities, it is in many cases easier to calculate
the convolutions of the measures p':”:' (o, @ + dx). Therefore, we shall state and prove two theorems where
the tightness conditions are given in terms of these convolutions. But first we consider the case when X, , is the
kh partial sum of a sequence of independent equality distributed random variables. Then the measures
p,i”} (dx) = p'™ (dx), defined as in Theorem 2.2 below, can be taken independent of a € R, and by a
theorem due to Prokhorov (see [14,p.197]), the sequence {¥, }, ., in D[0,1] is tight if and only if

{[p:':”} )n } is tight. The following theorem generalizes this fact.
neEN

Theorem 2.2. Let {Xmg., Koo Xpgr s K }n be a sequence of Markov chains with transition probabilities

p (&, E), and denote the measure ™ (&, a + dx) by _u,'é”:' (dx). Assume that
.
i){(ﬂ:‘f}) } is tight.
nEN.GER
Then the random elements {¥, (t); t € [0,1]} associated with the Markov chains form a tight sequence in
D[0,1].

) ‘ n
) be the characteristic function of p:';;’}. The family {(,u;f}) } is tight if and only if
neEN,ceR

Proof: Let cp;n

- n
{(cpé”}) } is equicontinuous at zero. Thus, for every € = 0, there exists a & = &(&) = 0 such that
nEN,2ER

(e ®) —1|< e torante [-5,8LacrneN. (2.3)

Using the inequalities log(1 + x) < xand e® << 1 4+ 2x, valid for all x in some neighbourhood of zero,
we conclude that

‘fpin}(g‘ =1—2¢e/n forallt € [—§,5],a ER andn € N. (2.4)

Similarly, forall t € [—§,8],a € R and n € N, there exists an integer j € {0,1, 2, ..., 1}
such that

‘@g”}(ﬂ - 1‘ < 4e/n forallt € [-8,8],a €R and n € N.
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(Some of the arguments above might fail if £ is large but we need only consider sufficiently small £.)

If wi”} denotes the characteristic function of X ., we can easily show by induction that
‘1,{;;”} (t) — 1‘ < 4ek /n forall t € [—8,6].
Hence, by a well-known inequality for characteristic functions (see [10,p. 65]), we get
- -1 b (m)
P[1X,,| > 2671 < 671 7, |1 — 0 (8)|dt < 8€ k/n. (2.6)
In order to show that condition (i) in Theorem 2.1 is satisfied we need the following Kolmogorov type

inequality.

Proposition 2.3. Let {Z,,Z,,Z,,..,Z_ } be a homogeneous Markov chain such that, for some
e>=0,meENandA, =0,

Plsup{|z; - Z,:0 = (j—i)/n< 1/m} = A, | Z] <€ as.

Assume that we can choose A, = A so large that

sup{F[|E}-| = ,11]:}' =1,2, ,n} < g/2m,

Then we have

P[sup{|2}-|:j =1,2, ,n} = 2A) << 2e forallA = A, .

Proof: We need only consider the case 11 == 2Zm. Let T be the hitting-time for the set

(244,0) U (—0,—24,) and put T = n + 1 if sup{|Z;|:j = 1,2,..,n} £ 24,. Since n > 2m,
we can choose integers #; such that (i —1)/2m < n,/n <i/2m for i =1,2,3,..,2m — 1 and
Tloy / 0 = 1. Then we get

P[T = n,sup{lZ}- —Er|:l] <(j—1)/n< 1;"m} = "11]
<¥m Pz, l=4]<e. (2.7)
On the other,

P[T = n,sup{lZ}- —Zr|:l] <(j—-1)/n< 1,:-"m} = H,D]

= Z Plr=1isup{|z; —Z]:0 < (j—i)/n < 1/m} = 4,]. (2.8)
Byicj);ditioning with B(Z,,Z,,Z,, ..., Z,) and using the Markov property, we get

Plt < nsup{|Z;, - Z |:0 < (j—1)/n< 1/m} = ;)

=X, E{P[r=1isup{|Z, - Z:0= G- i)/n < 1/m} = Ay | B(Z0. 21,24, . 2)) |]
=X, E{Iyy (o) P[sup{|z; - Z,[:0 = - i)/n < 1/m} = A, | Z; |}
<eXh,Plr=i<e. (2.9)

Hence, by (2.7 and (2.9),
Plsupf{|Z,]:j = 1,2,..,n} = 2A] < P[r < n]

= P[r = n,sup{|2'}- —Z|0=(—-1)/n<1/m}< i,
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+P[t<nsup{|Z; - Z. 0 < (j—D)/n < 1/m} = 4] < 2e. (2.10)

forall A = A, , and this completes the proof of the proposition.

We now return to the proof of Theorem 2.2. By the same arguments as those preceding Proposition 2.3, we can
prove that

1,&,5”} (t) — 1‘ < 4ek/n forall [t] = &

Where 1,{;;{‘”} now denotes the characteristic function of X, — X , and the distribution of X , is arbitrary.

_ "
Starting from the inequality |¢J[t + h] — fp[tj| = 1,,’2|¢J(h] — 1|, valid for all characteristic functions

¢ (t), we can easily prove that

lo(t) — 1] < ky2le(t/k) — 1] , k=1,2,3,.. . (2.11)
Applying (2.11) to the characteristic function 1,{;,5”}, we get
‘;&,E”}(t] - 1‘ < ([6Y+1)jJ2 4ek/n  forall te[—jjl, (2.12)

and from (2.12) we obtain
Pl = Kol > 2/7] <571 [ [0 (9 - 1]dt < 2 ([67] + 1)y/Bek/m

forallje N. (2.13)
Since the distribution of X, , is arbitrary, (2.13) is equivalent to

SUPacr fswpﬂx[—ﬂhﬂﬂiik}}r;f}' o [ (@dx) P ey dxg) o 2 iy, d)
= 4j ([671]+ 1)y8ek/n, (2.15)

for all &/ sufficiently small. For our original Markov chains ( 2.15) means that
Plsup{|Xpme: — Xum [0 i =k} > 4/j | X0

< 4j([67']14 1)4/8ek/n, a.s. (2.16)

That condition (i) of Theorem 2.1 is fulfilled now follows from (2.6}, (2.16) and

Proposition 2.1, while (ii) follows directly from (2.14). Thus {¥, },, is tight.

Condition (i) of Theorem 2.2 is in general too strong to be useful in applications. Therefore, we shall
prove two simple generalizations of that theorem. The first one,

Theorem 2.2', is natural to use when we are dealing with sequences of normalized branching Markov

processes. The second one, Theorem 2.4, can be applied when we are studying convergence to a Brownian
motion with reflecting barrier and similar processes.

Theorem 2. 2", Assume that

OP[sup{l¥,(t):0=t =<1} = 1] — 0 as A — oo, uniformly inn € N,
- ?’!-

(ii){(p::f}) } is tight for every compact (.

aECHEN
Then the sequence {¥, },, is tightin D [0, 1].

Proof: Consider a Markov chain with one-step transition probabilities
p"™ ()  for a=4
qm} (a,) = p(n} (a,) for lal<2
p™(=1) for a< —A
And let ¥, (t) be the corresponding random Markov line. By Theorem 2.2 {¥,'} s tight in D[0,1].
Observing that
Plw;(¥,) = €] < Pw;(¥,) = €] + Plsup{|Y,(t):0 <t < 1} = 1],

where w' is the continuity modulus defined in [1,p.110] and using [1, Theorem 15.2], we can easily
complete the proof.
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Application. For sequences of normalized Galton-Watson processes the conditions of

Theorem 2.2' become very simple. Let, for each n € N, {Z’;.‘n}} denote the variables of a Galton-Watson
i

process, where the number of off-spring of one individual is determined by the probabilities {p;{‘n}} . Define a

k
sequence of continuous-time processes {}’n ]-,2 by
_ (n IEY] _
Y,(t) = Zp,./bn for  te[o1l; z;Y=b,,
where b, == 0 are normalizing constants. If 7, is a probability measure that gives mass pén} to the point

(k— 1)/b,, , condition (ii) of Theorem 2.2' is satisfied if

(ii") {(v, )™=} is tight.
Condition (i) can easily be checked if we observe that {¥, (t);t € [0,1]} is a supermartingale
(submartingale).

Sometimes it is convenient to consider the subspace C[0, 1] of D[0, 1]. This subspace consists of all
continuous functions on [0, 1] and the Skorokhod topology relativized to £ [0, 1] is equivalent to the topology
of uniform convergence. Here we will only give an example which indicates how sufficient conditions for I-

convergence in C[0, 1] can be obtained. As before, {XHJ[,,XM,XM, s Xy }n denotes a sequence of

Markov chains with transition probabilities ™ (a,") and ,L:,'rf}dx =p™ (a,a + dx).

Theorem 2.4. Assume that
(iythere exists a point @, such that, for every d&-neighbourhood 55 of a, the family

. n
{(p:';;“}] }  istight
EESE_.?‘!E;".'-

Then the sequence of measures on € [0, 1] corresponding to the random polygonal lines {¥, (t); t € [0,1]}
defined by

V() =X, +n(t —k/n)(X,peq — X)) for t€[k/n, (k+ 1)/n]

Is conditionally compact, p§rovided
(i)foreach & = 0,7 p"(a(a—8a+8)°)—0 as n— oo, uniformly ina € R.

Proof: Let ¥, denote the random element in D [0, 1] defined by (1.2). We shall use Theorem 2.1 to prove that

{}: ]-,2 is tight. Let € == O be given. From the proof of Theorem 2.2 it follows that we can choose £, so small
that

qin} (a,(a—8,a+8)°)<e forallASA,n ENand a € 55 (a,).

Let us now consider a Markov chain {Z,,Zy, ..., Z, , } with transition probabilities '™ (a,-) and such that
PlZz,=a] =1, where a&S5, (a,). Denote by T, the hitting time for the set
(—o0,ay, — 2€) U (@, + 2¢, o). By the assumption (ii) we get

Pllr, —ayl = 3e] < ¢
for all sufficiently large 1. € . The strong Markov property then shows that there exists an integer #; such

that
g (a,(a— 6c,a + 6€)°) < 2¢ forall ASA,n<n, atR.
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Similarly, we show that condition (i) in Theorem 2.1 is satisfied so that {¥,, }, is tight in D [0,1]. Observing that
for all n sufficiently large the probability that {¥, (t); t € [0,1]} has a jump exceeding € is less than €, we

can use [1, Theorems 8.2 and 15.2] to complete the proof.
Assume that the measures ,u'f} (dx) = p™ (a,a + dx) are independent of a; that is, X

is the k" partial sum of a sequence of identically distributed independent random variables. Then {Yn}n is
tight if and only if {¥,, (1)}, istight (see [14,p. 197]). We shall give a rather natural generalization of this

theorem.

Theorem 2.5. Assume that
im-p"(aJa—1,a+1]°) = 0 as n— o, uniformly in a € R
(ii)for every bounded interval [t,,t., ] there exists a constant K = K (t,, t,) such that

cpg”} (t) — :pg”} (t)| =K/nforalt € [t;,t;] andall @, b € R (here fpg”} is the

Characteristic function of the measure .u'é”});
(i) {¥,, (1)}, is tight.
Then the sequence {¥,, },, of random elements in D [0, 1] is also tight.

Proof:Sincep ™ (a.[a— 1,a + 1]°) = o(1/n), it is no restricion to  assume
P"”} (a,[a—1,a+ 1]°) = 0. Let ;Er;n’m} be the characteristic function of the measure

anadi) = | [ p(@d)p® ) p® G )
.TJ_ER .Tm_ﬂ_ER

Some simple calculations show that
(nm) (nl m
@ = o @] | < m xe/m (217)

foralla,b € Randall t € [t,,t;].
Put r:x;,f} =[x ‘u;”} (dx)and (af)* = [(x— a:gjzp:;f} (dx) and IetSén’m} =X, Z,

where {Z .}, are independent random variables, each one with distribution ;.c;”}.

theorem on normal approximation (see [6,p.542]) we have (notice that |Z, — al | = 2).

|05 (¢ (ozvm) expl—itma /(ogym)] -
[67 e/ (ogvm)] " expl-itmag /(ogvm)]| < m K/m (219)

foralla,b € Randallt € [tlaﬁfﬁ, t,a, \.“ﬁ].

that

Then by the Berry-Esseen

Let us now consider 4 = sup {ﬂ(crb"‘jz; beERNnE N}. Assume that A4 is infinite. By suitable choices of
b € R and m,n € N. We can then simultaneously make /7 arbitrarily small and m(af]z arbitrarily

large. Thus, by (2.18) and (2.19).

qf}:’in(a’ fy:y < x}) c;:[[x— mcxgjf[ﬂ;w;ﬁ)ﬂ <€ foralla€ Rand x ER.

provided . /m is small enough and &’ w,,fﬁ is large enough. But this implies that, for any given £ == 0 and

bounded interval , we can choose 1, 11 € N so that

qfﬁn(a,l] <€ forall a€ER.
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Obviously this contradicts the assumption (iii) and so .4 must be finite. By Chebyshev’s inequality,
P [ S > e] <mA/n €’ (2.20)

If B = sup{n(al —aj): a €R, n € N} were infinite, we would be able to choose subsequences
fa'l S Rand{m'},{n'} S Nsuchthatm'/n' — 0and

(mm})
e}

— el
may

(n'm' r Lp. (' m' r i,
SI"?m]—m"rx:r—}ﬂ, Sénmj—m’rx:r—}c¢ﬂ.
o -
- [y
However, this contradicts (2.17). Thus, B must be finite and {(,u;f} - rxg) } is tight. By Theorem

ogERREN
2.2, the random Markov lines Z,(t) = ¥, (t) — [nt]af form a tight sequence in D[0,1]. By the
assumption (iii), this is possible only if C = sup{|naj|:n € N} is finite. Hence {¥, },, is also tight in
D[o0,1].

111. REMARK )
- n
In Theorem 2.5 it was proved that {¥, }_ is tight in D[0, 1] if {(,u';f}) } is tight. The converse is

zE R,neEN
not true in general. However, we can see from the proof of Theorem 2.5 that tightness of {¥, } _ implies

- ?'!-
tightness of {(,u';f}) } if we make the additional assumptions (i) and (ii).
2E R,neEN

Assume that we have established the convergence ¥, =¥ as n — o0,
In D [0, 1], for any continuous functional k on D [0, 1] we then get

h(Y,) S h(Y) as n— o (3.1)

As we pointed out in the Introduction, (3.1) is useful mainly in the case when we can compute the
distribution of A(¥"). Therefore, it is interesting to see if, under general and simple conditions, we can show that

the limit process {¥(t);t € [0,1]} must be of a particularly simple type. In this section we shall give
sufficient conditions for the limit process to be a Markov Process. In our theorems all the approximating
Markov chains are assumed to be stochastically monotone. In a remark at the end of this section we will indicate
how the general case can be treated. The notation is the same as in the previous sections.

We start by giving some measure-theoretical facts.

Proposition 3.1. Let F, and F, be any two probability distribution with finite mean-values &, and e,
respectively. Assume that

F.(x) = F,(x) forall x€R.
Then
0 < [u(x) Fy (dx) — [ u(x) F, (dx)
< (&, — o) sup{(u(y) —u(x))/(y —x):x, ¥ € R,x # y}
for all increasing functions w such that mp{[u (v) —ulx) ),a" (v—x):x,yERx # }r} is finite.

Proof: Let ¢ = sup{[u(}r:] — u[x:]);’(}r— x):x,VER, x # }r]- and put v(x) = cx. For the two
functions . (x) and (x) it then holds that 2¢(v) — w(x) < w(¥) — w(x) for all x = y. Observing that
(a5 —a,) sup{(u(y) —u())/ (7 — x):xy € Rx # 3}
— [ o) E, (dx) — [ v(x) F, (dx)

and approximating the integrals by sums we can easily complete the proof.
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Proposition 3.2. Assume that
() There is a constant K such that

(b—a) ™ [xp™(bdx)— [xp™(adx) <1+ K/n forallneN,a<b;
(ii) "™ (a,{x;x < v))is non-increasing in @ € R for fixedn € N and y € R.

Then we have ’ ’
0< (b—a) [ u(x) q,” (b,dx) —[u(x) q," (a,dx)
< ek4 sup{[u[}r:] —u(xj),.-"(}r —x):x,VERx # }F}

for all increasing functions .

Proof. Apply Proposition 3.1.
In Section 4 we shall also need the following result.

Proposition 3.3. Let {p () (a,-j} - be a family of transition probabilities satisfying conditions (i) and
= JTLEL

(ii) of Proposition 3.2, and assume that, for some € == 0 and a € R,
q;n} (a,(r:x + e 00]) = E

Then there exists § == 0, depending only on & and K, such that

q;”}(b,(b _|_%.52,m)) :::%eforall bela—4da+d]

Similarly,

qin} [a,,(—oo,a - E]) -
Implies that

q;n}(b,(—mrb — %52, )) :::%eforall be[a—4,a+ 8],

where & depends only on £ and K.

Proof: It is enough to prove the first assertion. Applying Proposition 3.2 to the function

1 for x=a+te
ulx)=4(x—a)/e for a<x<=a+e,
0 for x = a.

We can easily choose & == 0 depending only on & and K, such that
| q;n} (b,dx)a(x) > % eforall b € [a — &, a]. Some simple estimations then show that

qin}(b;[b +%Ez,m)) :::Eeforall be[a—4,al

On the other hand, for b £ [rx, a+ % E], it follows from the stochastical monotonicity that

q':n}(b,(b +%62’m)) 24,"(b(a+e®))>e

A
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Remark. For simplicity, we will always assume that the transition probabilities p':”j' (@, ) have finite mean
values. Actually, if there is a constant K such that

sup{p™(a,(a— K',a + K')):a € R} = o(1/n).

neither the convergence nor the limit is changed if we let p':”j' (@, ) give all its mass to the finite interval
(a—K',a+K'").
Under conditions (i) and (ii) of Proposition 3.2, it is possible to prove that the weak limit in D [0,1]

of a sequence {¥, }.. of random Markov lines must be a stochastically continuous Markov process. However,
the proof of the stochastical continuity is quite technical unless we make the additional assumption that for
every e = 0,

qin} (a,(a—e,a+€))—=0 as A—=0 (3.2)

uniformly inmt € N and @ € (', for each compact set C. In view of Theorem 2.1, the assumption (3.2)
is rather natural. It will also permit us to give a direct construction of the semi-group corresponding to the limit
process.

Theorem 3.4. Let {¥,,},, be a tight sequence of random Markov lines. Assume that the transition probabilities
satisfy condition (3.2) above as well as
(i) There exists a constant K such that

(b—a)! [xp™ (bdx)— [xp™(adx) <1+ K/n foralln€ N,a < b,
(ip"™ (a, {x; x < ¥}) is non-increasing ina @ € R for fixedn € Nandy € R.
Then every limit process of {Yn}n is a stochastically continuous Markov process having a Feller semi-group.

Proof: By Prokhorov’s theorem, {¥,,},, is relatively compact in D0, 1], so we can without restriction assume
that {Yn}n converges weakly to some random element ¥ in [0, 1]. From condition (3.2) above, it is easily
deduced that {¥'(t); t € [0,1]} is stochastically continuous. Let us then consider the projection 7, taking
x(+) € D[0,1] into x(t) € R.m, is continuous at

x(-) € D[0,1]if and only if x(-) is continuous at t. Thus, the stochastical continuity of

{¥(t); t € [0,1]} implies that

V() 5Y(t) as n-—ow (3.3)

forall t € [0,1]. In terms of the transition probabilities, (3.3) can be written
i w
a7 0,)->Y(t) as n- oo

Applying Proposition 3.2, we can then immediately show that

{qén} (a,-]} _istight foreverya € Rand t € [0,1].

neEN

By taking a subsequence {n'} = N if necessary, we get:

{q;n} (cx,-]} is weakly convergent foralla € @andallt € @ n [0,1], (3.4)
M

where I denotes the rational numbers. Using exactly the same method as in the proof of Proposition

3.3, we can show that the convergence in (3.4) must hold for all @ € R. By the Markov property and the
assumption (3.2), we can even shown that

s 0
{q;n }[:a,-:]} , is weakly convergent foralla € Randall t € [0,1], (3.5)

i
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Let €'denote the class of all bounded increasing  functions f  such that

sup{(f(v) —f(x))/(y —x):x, ¥ € R, x # y} is finite. We can then define a linear mapping of €'
into itself by the relation

. (n')
H, f(a)=lim,_. [q, "(adx) f(x).
Applying the Markov property and the assumption (3.2) once again, it is a routine to prove that
H... f(a) = H.H, f(a)

foralla ER,f € € ands,t, 5 +t € [0,1]. Furthermore,

Hfi=H f, if A=fH. €€
H. |=|,
H f(¥(s)) =E{f(Y(s+1t)) | Y(s)} as, fee

Until now we have only defined H, f(a) for f € €. But we can immediately extend the definition
to the linear space D consisting of all differences of functions in €. Then H, becomes a positive linear
operator on . Since T is dense in the space &' consisting of all bounded continuous functions with limits at
+0oo and —oo, we can extend H, uniquely to a positive linear operator on € such that H, | = |. By Riesz’
representation theorem, there exists, for every fixed @ and ¢, a unique probability measure p, (a,-) such that

H, f(a) = [ p.(a.dx) f(x) (3.6)

for all f € €, . It is a routine to prove that the p, (a,-) form a family of transition probabilities
generating our limit process {¥(t);t € [0,1]}. From (3.5) and the stochastical monotonicity it follows
immediately that the family p.(a,-) .=, of probability measures is tight for every bounded interval I. Hence
(3.6) defines a Feller semi-group, i.e., H, f is bounded and continuous for all bounded and continuous functions
F. This completes the proof of Theorem 3.4. chains an have transition probabilities satisfying condition (i) and
(i) of Proposition 3.2. These two conditions can be replaced by the weaker condition (i") there exists a
constant K such that

supa,ief{w —al Y[ p™ (bdx)f (x) — [ 2™ (a,dx) F(x) |}

= (14 K/n)supf|f(b) — f(a)l/|b —al:a,b ER,a # b}

for all bounded continuous functions f and all 7= € N . A repetition of the arguments in this section shows that
Theorem 3.4 will continue to bold true.

IV. TIGHTNESS CONDITIONS FOR SEQUENCES OF STOCHASTICALLY MONOTONE
RANDOM MARKOQOV LINES
In this section the random Markov lines {¥, (t); ¢ € [0,1]} will always be constructed from a

sequence {Xmg., K10 X0 wes X § of stochastically monotone Markov chains. If 1.

is D-convergent with limit {¥'(¢t); t € [0,1]} , we know that the one-dimensional projections
¥,_(t) converge weakly to ¥'(t) with a possible exception for a countable set of time-points. It is our intention
to find out to what extent we can argue in the opposite direction. Actually we shall show that, under rather
general conditions, it is possible to deduce tightness of {Yn}n directly from the properties of the projections
Y, (t) and ¥'(t). The main tools will be some well-known theorems on martingales. Therefore, we shall start
by proving a lemma on the convergence of a sequence of martingales that might be useful even if we cannot
establish tightness of the corresponding sequence of random elements in D [0, 1]. The notation is the same as in
the previous sections.
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Lemma 4.1. Assume that

()sup{E{|Y,(1)|nEN} =K < oo;

(ii) [ x p"(a,dx) = a.

Then every subsequence of {¥, },, contains a further subsequence {¥ .1}, such that

(@ 1Y, ()}, is weakly convergent for all t € [0,1].

(b) The limit distributions F, of {Y,r(t)}, define a function from [0,1] in to the space B of
onedimensional probability distributions, which is continuous as all t € (0, 1],

if 9B has the Levy metric.

Proof: Conditions (i) and (ii) show that {ka}:zu is a martingale. Thus, for all A = 0,
Plsup{l¥, (t)l: t € [0,1]} = 4] = P[sup{|X, |-k =0,1,2,..,n} = 1]
< 2E{|X,.|}/2 = 2E{lY,(1)I}/2

= 2K /4. (4.1)

The family {F'r"n}} o] of distributions corresponding to the ¥, (t) is therefore tight and we can
neENte[LD,

immediately find a subsequence {Y ./ ../, such that {¥ 7 ()}, is weakly convergent to some distribution F,
forallr € @ n [0, 1]. Here @ denotes the set of rational numbers.
Let us now assume that we can find a time-point t € (0, 1] such that
w — lim{F.:r T I, € @} does not exist. Then, for some & = 0, there is a sequence {r, },, S @ which is
increasing to t and such that the Levy distance P[Fm’Fr*.H-_ ) exceeds & for all k. For every fixed m we
obtain

(n') p(n)
p(EES) )26, k=12,.,m (4.2)

TR Th+1

for all sufficiently large n' € N.

Because {F H

. is tight, we can find a constant i, such that

'}
neNreln1]

(m) ([
F(K) —E™ (—Kp) > 1-6 (4.3)
forall= € ¢ N [0,1] and n € N. By (4.2) and the definition of the Levy metric we can, for
k =1,2,...,mand all sufficiently large n’ € N, choose X! 5 SO that either

(n) (n')
Fo ' (xpp) = B (X +8) +6 (4.4)
or
(n) (n')
F?"',{ [xnf.lk) ':: F?"",{q.ﬂ_ [X?‘!f_.k - 5) - 5 (4'5j
By (4.3), x,/ . € [—K,.K,]. Let us now cover the interval [—K — &, K, + &] with finitely many intervals

) and D:,‘n}, respectively, the

I = [a}.,b}-], each one having a length between %5 and %5. Denote by UL,"”

number of up-crossings and down-crossings by the function {¥,,(t); t € [0,1]} of the interval I. Then by
(4.4) and (4.5) we obtain

I )
E Z Ut + Z D) b= ms (4.6)
.

F
for all sufficiently large ". But (4.6) contradicts the fact that
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= {U{n“}} - {(v(0-a))] o KHE 46
J - h_f_ﬂ_f - %5

P {D{n’}} = E{(Yﬂf(ﬂ-h;‘ﬂ KK+
J - b_r'—ﬂ_r' - %5

So we have proved that w — lim{F.:r T I, € @} exists for all ¥ € (0, 1]. Similarly

w — lim{F,:r T I,» € @} exists for all # € [0, 1). Denote these limits by -------- and -------- respectively.
We shall now show that

Iy w
Ff“:'—:»é‘ as n' —o (4.7)

forall t € (0,1]. We let T(F) denote the support of the distribution F. Assume that for some a € SR(F),

there exists a strictly positive ---------- such that, for arbitrarily small A, the inequality
(n) c
q, (a(a—eate))=¢e (4.8)
holds for some ' € N. By Proposition 3.3, we can choose ------------ so that
c
" (b (b2t b+1e) ) > 1e (4.9)

for all b € |la —&,,a + &,| Since w —lim{F.:rT1l,r €@} =G, and a € T(G,), we can also
determine Ay= A, (8, €, @) so that

lim,s inf E* ((a— 6y,a +6,)) = E((a— 6,0+ 6,)) > %Gt([a— 8,a+8,))>0

(4.10)
forall» € @ N [t — Ay, t). For every fixed integer 12, we now choose #2 rational points,
1y <1y < - =1, inthe interval (t — Ay, t). Keeping (4.9) and (4.10) in mind, it is not very difficult to

. I o1 1
see that from each interval 7,754 ] we get a contribution exceeding EGf ([:a —dy,a+ 51}) L€ the

value of
(n") (n")
= {U[r.z +£%/32,a+3% /32] + D[a—aszfaz,a—szfaz]}

4.Tightness conditions for sequences of stochastically monotone random Markov lines
provided 1’ is suitably chosen. Consequently

(n') (n')
= {U[a +e%/32,a+37 /32] + D[a—as“faz,a—s“faz]}
>lim———-2e-2G,((a—8y,a+4,)) (4.11)

for some n' € N. Since m is arbitrary, (4.11) contradicts the general inequalities on the expected number of
up-crossings and down-crossings of a martingale. Thus we have proved that, for every £ = 0.

g (b, (b—eb+€))>0 as A0 (412)

uniformly ------- and-------- where (' is compact and --- depends only on .
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For any given r == O we now choose K. So large that

forall € @ n [0,1]. By (4.12), we can choose A, so small that
() c 1
q, (B,(b—mb+m)<3In (414)

for all A<< Ay, n" EN and b E 555[:3]1[:5:}) N |K,,K,|. Here &, depends only on . Obviously,

555 (m[ﬁr})c has probability zero with respect to the distribution &, . Since
w —lim{F.:r T 1, € Q} = G, , we can also assume that we have taken A, so small that

. {'n.'l} c [ 1
n]}_lﬂc supF,_, (SEE(E}R[GJ) ) < Feey (565[:3]1(51}) ) < 3" (415)
forallt — AE @ n (t — Ay, t). Itis then easy to show that (4.13), (4.15) imply that,

lim supP[|Y,/(t) Y (t—At)l =n] <nq (4.16)
n —oo

forallt — AE @ n (t — Ay, t). Finally, we get

(n . (' (' . ('
m supp (F,” :IrFr—ﬂ} =< lim supp (F" ],F;'_nﬁ]] + lim supp (F." ]:Fr—!_'.} <n (417)

7 =D # —oo
forallt — A€ @ n (t — A, t), which implies that

. (nf)
w—limF"~ " =6, t€(0,1).

n—roc

Similar arguments show that

w — lim Fr(ﬂfj=Hr, te (0,1)

u — oo
And this completes the proof of Lemma 4.1.

Remark: In the proof of Lemma 4.1 we have used theorems on the number of up-crossings of a martingale.
Similar theorems hold for supermartingales and submartingales. Under conditions (i) and (ii) of Theorem 4.2

T
below, there is a constant ¢ such that {ka —c kfﬂ}kzD is a supermartingale (submartingale) for all

1 & N. Condition (iii) below is then sufficient for the lemma to remain true also in that case.
For sequences of stochastically monotone random Markov lines we can now prove.

Theorem 4.2. Assume that
()sup{E|Y, (1)|:n EN} =K < oo;
(ijsup{(1/n)™* [(x — a)p™(a,dx):a € R,n € N} < + (or)
inf{(1/n)™* [(x — a)p™(a,dx):a € R,n € N} < —o0;
(iii) There exists a constant K such that; for all n € N,
supgper(b— @) [ x p™ (b dx) — [x p™(a,dx)} < 1+ K /n;
(iv)¥,, (1) converges weakly to some probability distribution with strictly increasing
distribution function.
Then the sequence {¥,, },, be an arbitrary subsequence of {¥, },, . We shall prove that ¥, },," has a convergent
subsequence {Y /" },./ . By the remark following Lemma 4.1, we can choose a subsequence {¥ ./}, such
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w
that ¥, (t) = F, for all t € [0,1] and w —lim{F,:t T 1} = F,. The assumption (iv) shows that
Em(Fr] = R. Repeating the arguments leading to (4.12) in the proof of Lemma 4.1, we can show that

I-’ i
q‘;n :I[cx, (a—€,a+E)°) =0 as A—0

uniformly inn'" € N and @ € C, for every compact set  and every € = 0. Supermartingale (submartingale)
inequalities show that

sup, o Plsup{l¥, (t)I:t €[0,1]} = 4] = 0 as A— oo,
Thus, by Theorem 2.1, {Yn”}n” is weakly conditionally compact and {an }nf must contain a convergent
subsequence.

Application: Let {}En]-?2 be a Galton-Watson branching process governed by certain fixed probabilities {pk}k .
Here p,. is the probability that one individual in the j t% generation gives rise to k individuals in the j+ 1
general on. We will assume that {pk} considered as a probability distribution has mean 1 and finite strictly
positive variable @ *. Define, for each . € N, a continuous-time process

Y, (8) = (Z)ne) — @,)/, for t€[0,1]

where Z, = c,, is the number of individuals at time t = 0. b,, > 0 and a,, € R are normalizing constants
such that a,, /b, — 00 as n — 0.

Let us now assume that there exists a stochastic process {X (t); t € [0,1]} such that X(t) is non-
degenerate for t € (0,1] and the finite dimensional distributions of {¥, (t); t € [0,1]] converge to those of
{X(t);t € [0,1]}. Then {X(t); t € [0,1]} is equivalent to the process {aB(t) + b; t € [0,1]], where
a=0 ad bER are constants and {B(t);tE([0,1]} is a Brownian motion

(see [1],p.[228 and 239]). Still following Lamperti, we can also see that (n ¢, /b2), ., is bounded
and so

sup, E;*J{Vﬂ'r[yn(lj]}z manN{ﬂ Cn az'fbi} = 0

since E[Y,(1)] = (¢, — a,)/b, = b and [ x p“(a,dx) = a,{¥,}, is conditionally compact by
Theorem 4.2. Thus, we get
)
Y, »aB+b s n—+ 00 (4.18)
This means that, for all functionals k on D [0,1] which are continuous with respect to the Skorokhod
topology: we have shown that

h(Y,) S h(aB+b) as mn-oo.

The D-convergence in (4.18) has been proved by other methods in [13]. In Section 5 we shall give a

more detailed discussion of T!-convergence of sequences of branching processes.
Proceeding in the same spirit as in Lemma 4.1 and Theorem 4.21, we get:

Theorem 4.3. Let {¥,}.. be a sequence of random Markov lines corresponding to a sequence of stochastically
monotone Markov chains. Assume that
()sup{E{|Y,(1)[}:a € N} < co;
(i)sup{(1/n)™? [(x — a)p™(a,dx):a € R,n € N} < += (or)
inf{(1/n)™! [(x — a)p™(a,dx):a € R,n € N} < —o0;
(iii)for every t € (0,1], the projection ¥, () converges weakly to some distribution F,
with strictly increasing distribution function.
Then the sequence {¥, }, of random elements in D [0,1] is weakly conditionally compact and every limit
corresponds to a stochastically continuous process on the interval [0,1].
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Proof: Using exactly the same method as in Lemma 4.1, we can immediately see that lim{F,:r T t,r € @}
exists for all t € (0,1]. Denote this limit by G, . We shall show that

G, = F, for at least one time-point £. Assume that the converse holds. Since the Levy distance
p(F.,G.) = 0 for uncountably many values of ¢, we can find a § = 0 such that p(F,,G,) = 0 for
infinitely many ¢. This means that, for any positive integer 71, we can find 2 points.

=ty <, <ty, <1, <t,,suchthat

p(F, F, ) =8, k=1,2,..,m.
As in Lemma 4.1, this contradicts the inequalities on the expected number of up-crossings and down-
crossings of an interval. Thus, we can choose a point t, such that

w—lim{F.:rTt,, r€Q} =F, |

where 0 [an) = K. Once again proceeding as in the proof of Lemma 4.1, we can show that, for every € == 0
and a € R,

q",;”} (a,(a—€,a+€)°) = 0 as A—0 (4.19)
uniformly in 1= € . Because the underlying Markov chains {ka}zzu are stochastically monotone,

the convergence in (4.19) must be uniform in & & L for all compact sets £. Applying Theorem 2.1 we can then

complete the proof of Theorem 4.3.
We shall terminate this section by discussing the convergence of sequences of increasing and
stochastically monotone Markov chains. In this case the conditions for conditional compactness become much

simpler. In an important special case we can also show that every limit process {¥(t); t € [0,1]} is a Markov

process if, for all t € (0,1], ¥(t) has a strictly positive density on (0,c0). These results are summarized in
the following theorem.

Theorem 4.4. Let {¥, (t); t € [0,1]},, be the random Markov lines corresponding to a sequence of increasing

and stochastically monotone Markov chains. Then the sequence {Y, } .
is weakly conditionally compact provided
(Ofor each t £ (ﬂ,l],i’n[t] converges weakly to some distribution F, with strictly positive density on

(0,00);

(ii)for every & = 0 and every compact set £ < [0, 22),

np™(a(a—8a+8)°) =0 as mn— o uniformlyina € C.

Moreover, every limit process is a Markov process and has continuous sample paths with probability 1.

Proof: The sequence {¥, (1) },, is stochastically bounded. Therefore,

SUPy en P[mptE[D,l]lyn[tjl ::‘;L] = SUPyen P[lyn[l:]l :}*’1] -0 as A— o

Obviously, {¥,,(t); t € [0,1]] has no down-crossings and at most one up-crossing of each interval. Thus, we
can prove that {¥, } is conditionally compact exactly as in Theorem 4.3. Condition (ii) implies that every limit

process has continuous sample paths with probability 1.
It remains to prove that every limit is a Markov process. According to proof of Theorem 3.4, it is enough to
show that, for any given b € R, A€ (0,1 and € = 0, there exist & == 0 and 1, € N such that

p(a” by e (B ) )< e (4.20)

forall by, b, € [b— &,b + 8] and all m = m,,. We shall assume the converse and derive a contradiction.

If 4.20 does not hold, there exist b € R, A€ (0,1) and & = 0 such that, for every neighbourhood J, of b
and every 1, € N,
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. (by,(c — €,0)) +e < q.” (b, ,(c 0)) (4.21)

for some by, b, €U, ,n = n, and ¢ = e(n, A, &, by, by ). Recalling that the underlying Markov
chains are stochastically monotone we can show that it is no restriction to assume that < ¢y ,
where ¢, = cD(b, A, €) is a constant depending only on b, A and €. Using exactly the same method as in the
proof of Lemma 4.1 we can choose A, € ((0,1) so small that

qf}(a,[rx +%E]E}=‘: %E (4.22)

forallm € N and a € [0, ¢;]. By (4.21), (4.22) and Chapman-Kolmogorov’s equation we then get
q‘;n} (bj_ r(c — & D':':]) +%E = q;n} [bg :[Cr D’Jj) _%E

(m) i 1
= J" qﬂ?iﬂ‘_ (bﬂr d}?] Q';} [}Fr (c! CD)) - EE

= qiﬂ‘_ (bz ,(c —%E,DC'))—F qij} (c - %e, (c,c:-::-j) —%e

<q (bz (=3 e,m)). (4.23)
But

qﬁi_ (b: ,(c - %E, DD)) — qin} (By .(c —€,0))
= ez, ‘?f (by,dx) [qﬁ::z_ (bﬂ ,{c B %E’ m]) B Q',i?iﬁ._[:x e —¢ m])]

(m}
= Qy, (br [blfbﬂj]-
Thus, by (4.23), we can find b, and b, arbitrarily close to b and an arbitrarily large = € N such that

(n) 1
q,, (b [b1.by)) > e (4.24)
This means that there exist integers 11 = 1 with the following property:

P(m) Forevery n, € N and every neighbourhood IJ,, of b we can find at least mm disjoint
intervals [b;, ¢;] € U, ,i = 1,2, ...,m, such that, for some n = n, ,

(n) 1

qﬂ?: (b, [b;. c;)) = z€ (4.25)

holds simultaneously for all i € {1, 2, ..., m}.

Let, for all @ € R, 7™ denote the hitting-time of {¥, (£):t € [0,1]] for the interval [, o) and set

in) _(n) in)

ré”} =2 if ¥,,(t) is less than a for all t € [0,1]. Let us then consider T, *, T, ~,..,T; * . It is no

restriction to assume that by << ¢; << b, << ¢, << == << b < c,, . Furthermore, by the
assumption (ii),

Plri” <1,i=1,2,..,m} 0 [z > b,y for someism—1} 50 as >0 (426)
i L

Using the (strong) Markov property, (4.25) and (4.26), we can then see that

Pley?) < 1] = Plsup{ly, ())l:t € [0A]}] = b+ 1
could be made arbitrarily small if #2 could be chosen arbitrarily large. But this contradicts the
assumption (i). Thus there exists an integer 1, = 1 such that P{mm} holds true and P{m} does not hold for

any = M, .
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On the other hand, if there exists such a maximal 25, we can find a fixed & = 0 and, for any 1z, € N and any
sphere S, (b),m, disjoint intervals [b;, ¢;] € 5, (b),i = 1,2, ...,m, such that the inequalities

ay” (bo[byc)) >3e  i=1,2,.,m, (4.27)
q.(b—8,[b—8,b—2y)) <1¢ (4.28)

. . - - 1
Hold simultaneously for some n. = n,. (Obviously it is no restriction to assume that 2y < —€). From (4.27),
it follows that

¢ (@ ab+9) > 1e (4:29)

forall A< A, andall @ =< b — y. Using the Markov property, (4.28) and (4.29), we get
PIY,(1—4)]e(d—6,b—2y)

Y.(t)E[b—2y,b—y) forsome t € [1 —A,,1].
b—2y=Y,(1)=b+y

> e P[Y,(1—-A,) € (b—6,b— 2y),

Y,(t) E[b—2y,b—y)] forsome t € [1—A,,1]

>2e (PY,(1—4,) € (b—8,b—2),%,(1) = b—2y]

P[Y,(t) has a jump exceeding y]).

Hence, for all == 0,
lim,, .. supP [V, (1) E[b—2y,b+y)]
1 1 . . 1
2le (1-2¢)lim, . inf P|v,(1-4,) € (b - 8,b —25)]

Which obviously contradicts the assumption (i). This completes the proof of Theorem 4.4.

V. WEAK CONVERGENCE OF NORMALIZED GALTON-WATSON PROCESSES
In Section 4, we showed how our general results on the transition from a sequence of stochastically
monotone Markov chains to a continuous-time process could be applied to sequences of normalized Galton-
Watson processes. Here we will give a more detailed discussion of this topic.

For each fixed 1= € N, let {Z}f‘n}} denote the random variables of a Galton-Watson branching process
;

governed by the probabilities {’p;{‘n}} . Here pi”} denotes the probability that one individual in the j th
k

generation of the nth branching process gives rise to k individuals in the (j + 1) generation of the same
process. Let us then introduce the continuous-time processes

v,(8) = (25 — a,)/b, . te[04] (5.1)

:I=

where E;n €, . We shall always assume that c,, are positive integers —+ . While b, = ¢ and a,, € R

are normalizing constants. We shall also assume that there exist stochastic processes {¥(t); t € [0,1]} such
that

[Yn(tljlyn(tﬂjl"'lyn (tk]) i[}’[tﬂ,}’[t:],...,i’[tk]) as m— 0o, (5.2)

Forall 0 = t; << t, <C --- <I £, = 1. Lamperti has then proved the following two theorems
(see [12]).
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Theorem 5.1. Suppose that (5.2) holds with @,, = 0,¢,, — ¢ and F'[Yr = 0] = 1 for some
t € (0,1]. Then {¥(t);t € [0,1]} is a continuous state branching process, ie., a Markov process with
transition probabilities p, (a, E') satisfying.

(i)for fixed t € [0,1] and x = 0, p,(x,) is a probability measure on the class of Borel sets

in [0, 00);

(ii)for every Borel set E < [0, o), p, (x, E )is jointly measurable in t € [0,1] and x = 0;
(i) f;” 2. (x.du) p, (W E) = (%, E),

(iv)forall x,v = 0and t € [0,1],

pr(x —|—}r,-] = pr(xr'j *'pr(}r,'],

where # denotes convolution;

(V)there exist t € (0,1]and x = 0 such that p, (x, {0}) = 1.

Theorem 5.2. Suppose again that (5.2) holds, where we now assume that a,/b, — ©3. Then
{¥(t); t € [0,1]} is a process with stationary independent increments. If b, — co , the canonical measure
governing the distribution of the increments of {¥(t); ¢ € [0,1]} has support contained in [0,c0). If
b, + ©o, the canonical measure is supported on the set {n/b; n = —1,0,1,2, ...} for some positive b.

We shall we examine the convergence in these two theorems and prove that convergence of the finite-

dimensional distributions implies weak convergence in D [0,1], provided the probability distribution {p;{‘n}}
k

has mean value 1 for all = € N. As we can see from the proof, it is easy to generalize this to the case when the
mean value is of the form 1 + a/n + 0(1/n).

Let us start by examining the convergence in Theorem 5.1. Since {cn,f b, }n evidently must converge and
E{lr, (D1} = E{lY,(0)]} = ¢, /b,

for all 1 € N. However, each {Fn (thtef{k/n:k=0,12,.. ,n}} is a martingale. Hence,
Plsupf{ly,(t)l:t € [0,1]} = A] =< 2K /4, (5.4)

forall A = 0 and m € N, and the first condition in Theorem 2.1 is satisfied.

Before we start examining the transition probabilitiesq‘;n} (@, E), let us consider the following:

Proposition 5.3. Let m € IV and € = 0 be given numbers. Then we can find ad = §{m,e) = 0 such that,

for any k € N and any set {¥,, ¥, ..., ¥, } of identically distributed independent random variables, it holds

that
P[|ZE, ¥| = 6] c:é'::-PHZ}.-:lF;l >e|<e forall j<km,

Proof: We use the same kind of arguments as in the beginning of the proof of Theorem 2.2. Then we know that,
for every t,; and all 77 small enough,

lp* () — 1 Ein for |tl<t,

implies that

lo(t) —1l <n/k  for |t|=t,.

And the last inequality implies that

l’(t) —1|=mn  for |tI<t,andj<km

The rest of the proof is obvious.

We shall now prove that the transition probabilities q;n} (&) satisfy condition (ii) in Theorem 2.1. By
assumption, there is a point t; = O such that

R[¥(t,) = 0] = 0. (5.5)
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Proceeding as in the proof of Lemma 4.1, we get

w —lim, 5, ¥(t) =¥ (). (5.6)

From (5.5), (5.6) and the proof of Lemma 41, it follows that there exists a strictly positive real number b such
that

. (b,(b—6,b+8)°) = 0 as  A—0, (5.7)

Uniformly inn € N, forevery & = 0.
Since {Z}f‘n}} is an integer-valued process, we can set
;

q.” (k/b, ,dx) = P[(ny + 1y + =+ m)/b, € dx]

For all ¥ € N. By Proposition 5.3 and (5.7), we then get
q;n}(cx,(a—é“,a—kﬁj‘]%l] as A—=0,

Uniformly in @ € C and i € N, for every compact set C < [0, o2). Hence, by Theorem 2.1 and
Prokhorov’s theorem; {¥, }.. is conditionally compact in D[0,1]. Let ¥" and ¥'" denote any two limit
distributions of {¥, }.. . We can then select subsequences {n'} and{n"'} © N such that

W
[Yn'l (tlj!yn'l (tz:]r (LY ] Y;u;" [rk:]) - [Yf (tl:]ryf [:tZ:]r LLL ] }H [:tkj) as ﬂ’f - CO’
-
[}’nrr (tlj’}’nrr (t2]’ s Y:vz” (tk]) — [1"” (tlj,Y” (t:j, . y" (tk]} as n' = oo,
Forall ty,t,, ..., t, € t, where [0,1]%T is a countable set not containing (see [1, p.(24)]). By 5.2,
the distributions of [Y'[tlj,}"(tgj,...,}”[tk]) and [P”[tlj,}’”[tgj,...,Y”[tk]) coincide for all
ty,ty, .., t, € T. Applying [1, Theorem 14.5], we conclude that ¥' and ¥'" define the same probability

distribution in D [0,1]. But a conditionally compact sequence with only one limit point must be convergent.
Thus,

D
v, =V’ as n— oo,

Since {¥'(t); t € [0,1]]} is continuous in probability by Theorem 3.4,

w
[Yn (tljr Fn (tﬂjr ey Y;r; (tk]) -+ [}H (tljr}rr [:tﬂ:]r ey Yf (tk]) as T L'I),
forall 0 < t; < t, < --- < t, < 1. But then the finite-dimensional distributions of ¥ coincide with those

of ¥ in (5.2), and this completes the discussion of Theorem 5.1.

We shall now turn to the discussion of the convergence in Theorem 5.2. We start by giving a result
from the theory of triangular arrays.

Proposition 5.4. Let {2’ nlr Lnzs v L }n be a triangular array of random variables such that

(i)for each 7 the variables Z, ;, £ 5, ..., Z,, . are identically distributed and independent;

(iZ,; =-1, j=12,..,.n, n=123,.;

(iNEf{Z,;} =0, j=12..n n=123,..

With 5, = X7=4 Z,, ; we then have sup,, .y E{|S,|} < o0, provided {5}, is stochastically bounded.

Proof: Following [6, p. 308], we introduce the continuous truncation function
x for |x|<s,

() = {is for |x|=s.

International organization of Scientific Research 47|Page



An Uninterrupted Time Markov Process on the Transition Probability Matrix with Markov Branching

Define Z,,; =1.(Z,;) and Z,; =Z,; —Z,; . For s = 1,Z,/5 is non-negative. Moreover, for s
sufficiently large, both 5, = Ef:iz,fw- and 5, = E?:i Z;}- are stochastically bounded. Still following [6],
we conclude that {E{(Séj:}}n is bounded and so {E{[Sé)_}}n is bounded too. Since S is non-negative

and E(S,,) = 0, we obviously have
Su'pn EN {_E{lsnl}}n = —|-CC' (E'Bj
and the proposition is proved. There is no difficulty to generalize this result to triangular arrays
{Zm, Zpas s Emkn} , where {k,, },, is an arbitrary sequence tending to infinity.
Lo

There is no loss of generality in assuming that &,, = ¢, in Theorem 5.2. If we exclude the case when
the limit process is degenerate, we can also assume that inf{h,:n € N} = 0. Let us now consider the
probability law ¥, (1). It coincides with the law of Ejgl [X}- - 1);"bn , where the X; are independent

random variables representing the number of individuals in the nth generation of {E}!‘n}} who are descended
;

from each of the c,, original ancestors. Proposition 5.4, with Z,, ; = [X}- — 1)/b,, show that
Supn EN E{lyn (1:”} < 00.

Nothing that {Yn[t]; tefk/n:k=01,2, ,n}} is a martingale, we have shown that the
sequence {Yn}n satisfies condition (i) of Theorem 2.1. Proceeding as in the discussion of the convergence in
Theorem 5.1, we can prove that {¥, },. is conditionally compact. Thus, we have the following.

Theorem 5.5. Let {Z;n}} , for each nn € N, denote the random variables of a critical Galton-Watson
;

branching process and define by 5.1 a sequence of continuous-time processes {¥, (t); t € [0,1]}, . Assume

that there is a non-degenerate stochastic process {¥ (t); t € [0,1]}

such that the finite-dimensional distributions of {¥,, (t); ¢ € [0,1]] converge to those of {¥(t); t € [0,1]}.

Then there is a random element {¥"'(t);t € [0,1]} in D[0,1] with the same finite-dimensional distributions

as {¥(t); t € [0,1]} and such that

Y, »Y' as n — oo

VI. CONCLUSION
In this paper we have only considered Markov branching processes. In future, corresponding tightness
and convergence results for age-dependent branching processes will be given.
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